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ABSTRACT
We extend our earlier work on turbulence-induced relative velocity between equal-size particles (Pan
& Padoan, Paper I) to particles of arbitrarily different sizes. The Pan & Padoan (PP10) model shows
that the relative velocity between different particles has two contributions, named the generalized shear
and acceleration terms, respectively. The generalized shear term represents the particles memory of
the spatial flow velocity difference across the particle distance in the past, while the acceleration term
is associated with the temporal flow velocity difference on individual particle trajectories. Using the
simulation of Paper I, we compute the root-mean-square relative velocity, 〈w2〉1/2, as a function of the
friction times, τp1 and τp2, of the two particles, and show that the PP10 prediction is in satisfactory
agreement with the data, confirming its physical picture. For a given τp1 below the Lagrangian
correlation time of the flow, TL, 〈w2〉1/2 as a function of τp2 shows a dip at τp2 ≃ τp1, indicating
tighter velocity correlation between similar particles. Defining a ratio f ≡ τp,l/τp,h, with τp,l and τp,h
the friction times of the smaller and larger particles, we find that 〈w2〉1/2 increases with decreasing
f due to the generalized acceleration contribution, which dominates at f ∼< 1/4. At a fixed f , our
model predicts that 〈w2〉1/2 scales as τ1/2p,h for τp,h in the inertial range of the flow, stays roughly
constant for TL ∼< τp,h ∼< TL/f , and finally decreases as τ−1/2p,h for τp,h ≫ TL/f . The acceleration term
is independent of the particle distance, r, and reduces the r−dependence of 〈w2〉1/2 in the bidisperse
case.
1. INTRODUCTION
This paper is a follow-up to our earlier work on
turbulence-induced relative velocity of dust particles
(Pan & Padoan 2013; Paper I hereafter). The study
is mainly motivated by the problem of dust particle
growth and planetestimal formation in protoplanetary
disks (e.g., Dullemond and Dominik 2005; Zsom et al.
2010, 2011; Birnstiel et al. 2011; Windmark et al. 2012;
Garaud et al. 2013). In Paper I, we conducted an ex-
tensive statistical study of the relative velocity and the
collision kernel of equal-size particles suspended in turbu-
lent flows using both analytical and numerical methods.
The case of equal-size particles, usually referred to as the
monodisperse case, is of theoretical interest, but insuffi-
cient for astrophysical applications, as dust particles in
protoplanetary disks have a size distribution. The main
goal of the current paper is to investigate turbulence-
induced relative velocity in the general case of different
particles of arbitrary sizes, known as the bidisperse case.
Saffman and Turner (1956, hereafter S-T) derived a
formula for the variance of the turbulence-induced rela-
tive velocity in the limit of small particles with friction
time, τp, much smaller than the Kolmogorov timescale,
τη. This limit, known as the S-T limit, is usually ex-
pressed as St ≪ 1, where the Stokes number, St, is de-
fined as St ≡ τp/τη. The Saffman-Turner formula con-
sists of two terms, named the shear and the acceleration
term, respectively (e.g., Zhou et al. 2001). The shear
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term is determined solely by the flow velocity difference
across the particle distance r. It is independent of St,
but has a significant dependence on r (see Paper I). The
name of the acceleration term originates from its depen-
dence on the acceleration, a, of the flow velocity, and it
contributes a 1D variance of a2(τp2−τp1)2 to the relative
velocity, where τp1 and τp2 are the friction times of the
two particles, and a is the 1D rms of the flow acceler-
ation. This effect of the flow acceleration on the rela-
tive velocity of small particles of different sizes was also
found by Weidenschilling (1984). In the monodisperse
case, the acceleration term vanishes and only the shear
term contributes. The shear term in the S-T prediction
for equal-size particles has been discussed in detail in
Paper I. Its validity, accuracy and limitations have been
systematically examined using a numerical simulation.
In the bidisperse case, the fundamental difference from
the case of equal-size particles is the contribution of the
acceleration term, which tends to increase the particle
collision velocity. The dependence of the acceleration
term on the friction time difference, τp2 − τp1, corre-
sponds to the fact that particles of different sizes have
different responses to the flow velocities along their tra-
jectories. Interestingly, unlike the shear term, the accel-
eration contribution in the S-T formula is independent
of the particle distance, r. This observation is of par-
ticular importance for the application to dust particles
in protoplanetary disks. Because the size of dust parti-
cles is typically much smaller than the Kolmogorov scale,
≃ 1 km, of protoplanetary turbulence, one is required
to examine the collisional statistics in the r → 0 limit
(e.g., Hubbard 2012) that is not accessible to numerical
simulations due to their limited resolution. Therefore,
unless the measured statistics already converges at the
2resolution scale, an extrapolation to the r → 0 limit is
needed. Such an extrapolation was found to be challeng-
ing for small equal-size particles with St ∼< 1 due to the
r−dependence of the shear effect4(Paper I). In the bidis-
perse case, the presence of the acceleration term reduces
the r−dependence and makes it easier to achieve numer-
ical convergence for the relative velocity between small
particles of different sizes.
Pan and Padoan (2010, PP10) developed a model for
the rms relative velocity in the general bidisperse case,
for arbitrarily different particles of any size. It was shown
that the model prediction is in good agreement with the
simulation data of Zhou et al. (2001) at low resolutions.
The PP10 formulation for the relative velocity also con-
sists of two contributions, named as the generalized shear
and acceleration terms, as they reduce, respectively, to
the shear and acceleration terms in the S-T formula in
the small particle limit. It can thus be viewed as a gener-
alized formulation that extends the S-T limit (St1,2 ≪ 1)
to particles of arbitrary sizes. The generalized shear term
has a similar form as the monodisperse model discussed
in Paper I. It represents the particles’ memory of the
spatial flow velocity difference, ∆u(R), across the sep-
aration, R, of the two particles at given times in the
past. The physical meaning of the generalized accelera-
tion term will be clarified in the present paper, and we
will show its connection with the temporal flow velocity
difference, ∆Tu, along individual trajectories of the two
particles. An approximate relation for the acceleration
term will be established in terms of ∆Tu and the par-
ticle friction times. Using the simulation of Paper I, we
will systematically test the PP10 model for the relative
velocity between different particles.
A variety of models have been developed to predict
the relative velocity of particles of different sizes, cov-
ering the entire scale range of the turbulent flow (e.g.,
Vo¨lk et al. 1980; Yuu 1984; Kruis & Kusters,1997; Zhou
et al. 2001; Zaichik et al. 2006, 2008; see PP10 and refer-
ences therein). In the astrophysics literature, the model
of choice has been that by Vo¨lk et al. (1980) and its
later refinements (e.g., Markiewicz, Mizuno & Vo¨lk 1991,
Cuzzi & Hogan 2003, and Ormel & Cuzzi 2007). In this
paper, we only test the PP10 model, in an effort of pro-
viding an improved physical insight. Other models, par-
ticularly Vo¨lk et et al. (1980) and Zaichik et al. (2008),
will be tested and compared with PP10 in a separate
work.
Theoretical models only predict the rms or variance of
the relative velocity, which, however, is not sufficient to
model collisions of dust particles (Paper I). In fact, the
rms does not directly enter the estimate of the collision
kernel, which is determined by the first-order moments,
i.e., the average of the radial component or the mean 3D
amplitude of the relative velocity (Wang et al. 2000). The
variance of the relative velocity does not even represent
the average collision energy per collision. Instead, using
a collision-rate weighting, the average collision energy de-
pends on the third-order moment of the collision velocity
4 To evaluate the collision kernel of small equal-size particles
in the r → 0 limit, a method is developed in Paper I to isolate
an r−independent contribution by splitting particle pairs at given
distances into two types, named continuous (S-T) pairs and caustic
(sling) pairs, respectively (Falkovich et al. 2002, Wilkson et al.
2006).
(e.g., Hubbard 2012). Furthermore, an accurate coagu-
lation model for dust particles in protoplanetary disks
requires the entire probability distribution of the colli-
sion velocity, as the outcome of each collision depends
on the collision velocity (Windmark et al. 2012; Garaud
et al. 2013). Despite these limitations, the rms relative
velocity still provides a rough approximation to the mean
of the relative velocity, and it is therefore a useful tool to
shed light on the physics of turbulence-induced particle
collisions. The main purpose of the current work is to
confirm the accuracy of the PP10 model for the rms rel-
ative velocity, and hence to validate the physical picture
revealed by that model. We will show in a separate pa-
per that this physical picture provides an understanding
of the probability distribution of the collision velocity as
well.
In addition to turbulent motions, there are other ef-
fects, such as differential settling or radial drift, that can
provide important contributions to the relative velocity
between dust particles of different sizes in protoplane-
tary disks. In this work, we do not consider these contri-
butions. The numerical experiment used here employs
a statistically stationary and isotropic turbulent flow,
which is a further idealization relative to realistic proto-
planetary disks with Keplerian rotation, stratifications,
etc. However, the highly idealized simulation provides a
useful tool to study the role of turbulence-induced colli-
sions.
In §2, we present a simple model for the relative veloc-
ity between inertial particles and the local flow velocity, a
special bidisperse case that provides a clean comparison
between our model and the simulation. The PP10 for-
mulation for the bidisperse relative velocity is reviewed
in §3. A brief presentation of our numerical simulation
is given in §4. In §5, we examine the statistics of the
particle-flow relative velocity. In §6, we show simulation
results for the rms relative velocity, and test the predic-
tion of the PP10 model. We summarize the main results
and conclusions in §7.
2. THE PARTICLE-FLOW RELATIVE VELOCITY
We first consider a simple model for the relative ve-
locity between an inertial particle and the local flow el-
ement. This is a special bidisperse case where one of
the particle is a tracer with zero inertia. It provides a
useful illustration for the general bidisperse case. The
particle-flow relative velocity is also of interest for prac-
tical application, e.g., in the formation of fine dust rims of
chondrules via an accretion process (e.g., Paque & Cuzzi
1997, Morfill et al. 1998, Cuzzi & Hogan 2003, Ormel
et al. 2008, Carballido 2011). The velocity, v(t), of an
inertial particle with a friction timescale, τp, evolving
in a turbulent velocity field, u (x, t), is governed by the
equation,
dv
dt
=
u (X(t), t)− v
τp
(1)
whereX(t) is the particle position, and u (X(t), t) is the
flow velocity “seen” by the particle. Eq. (1) is a stochas-
tic differential equation in a similar form as the Langevin
equation, with the flow velocity acting as an random
force. However, it differs from the Langevin equation
in that the correlation time of the “force” is significant
in comparison with the friction time, τp. Eq. (1) can be
3formally integrated, as if it were a deterministic equa-
tion. As shown in Paper I, the particle velocity at any
given time, say t = 0, can be evaluated as,
v(0) =
1
τp
∫ 0
t0
u (X(τ), τ) exp
(
τ
τp
)
dτ (2)
where it is assumed that at t = 0 the particle has already
forgot its inertial velocity at t0. This is equivalent to
assuming t0 ≪ −τp, which also allows to replace the
lower limit t0 by −∞ (Paper I).
At time t = 0, we define a flow-particle relative velocity
at x as wf(x, 0) ≡ u(x, 0) − v(0). Using the formal
solution, we have,
wf =
1
τp
∫ 0
−∞
[u(x, 0)− u (X(τ), τ)] exp
(
τ
τp
)
dτ (3)
where X(τ) satisfies the condition X(0) = x. The equa-
tion suggests that the particle-flow relative velocity de-
pends on the difference between the local flow veloc-
ity and the velocity the particle saw within a friction
timescale in the past. If we define a flow velocity differ-
ence, ∆Tu(∆τ), at a time lag, ∆τ , along the particle tra-
jectory, wf can be roughly estimated as wf ≃ ∆Tu(τp).
The variance of wf can be calculated as,
〈wfiwfj〉 =
∫ 0
−∞
dτ
τp
∫ 0
−∞
dτ ′
τp
[
Bij(0, 0)−Bij(0, τ ′)
−Bij(τ, 0) +Bij(τ, τ ′)
]
exp
(
τ
τp
)
exp
(
τ ′
τp
)
, (4)
where the trajectory correlation tensor, Bij(τ, τ
′) ≡
〈ui (X(τ), τ) uj (X(τ ′), τ ′)〉, corresponds to a two-time
correlation of the flow velocity along the particle trajec-
tory (Paper I). The integral of the fourth term, Bij(τ, τ
′),
can be simplified using the fact that Bij(τ, τ
′) is an even
function of the time lag, ∆τ = τ ′ − τ , i.e., Bij(τ, τ ′) =
Bij(|∆τ |), in statistically stationary turbulence. Making
a variable change, ξ = τ + τ ′ and ζ = ∆τ = τ ′ − τ , for
this term, we find,
〈wfiwfj〉 = 1
τp
∫ 0
−∞
[Bij(0)−Bij(∆τ)] exp
(
∆τ
τp
)
d∆τ
=
1
2τp
∫ 0
−∞
Dij(∆τ) exp
(
∆τ
τp
)
d∆τ , (5)
where Dij(∆τ) ≡
〈
∆Tui(∆τ)∆Tuj(∆τ)
〉
is the tempo-
ral structure function of the flow velocity along the par-
ticle trajectory.
For isotropic turbulence, Bij(∆τ) = u
′2Φ1(∆τ)δij ,
where u′ is the 1D rms velocity of the turbulent flow,
and Φ1 is the trajectory correlation function. It fol-
lows that Dij(∆τ) = 2u
′2δij(1 − Φ1(∆τ)). A com-
mon assumption for Φ1 is to approximate it by the
Lagrangian temporal correlation function ΦL (see e.g.,
Zaichick et al. 2006, 2008, Derivich 2006). This is equiv-
alent to approximating Dij(∆τ) in eq. (5) by the La-
grangian structure tensor, DLij(∆τ) = DL(∆τ)δij , with
DL = 2u
′2(1−ΦL(∆τ)). For very large particles, it may
be a better assumption to set Dij(∆τ) to the Eulerian
temporal structure tensor DEij(∆τ) (see the definition
in Appendix C).
In Paper I, we considered single- and bi- exponen-
tial forms for ΦL. The exponential form is ΦL(∆τ) =
exp(−|∆τ |/TL), where TL is the Lagrangian correlation
timescale. Setting Φ1(∆τ) = exp(−|∆τ |/TL) and inte-
grating eq. (5), we obtain 〈wfiwfj〉 = (w′f)2δij , where the
1D rms, w′f , of the flow-particle relative velocity is given
by,
w′f = u
′
(
τp
τp + TL
)1/2
, (6)
which indicates a τ
1/2
p scaling for particles with τp ≪ TL.
In the large-particle limit (τp ≫ TL), w′f approaches u′,
as the particle velocity becomes much smaller than the
flow velocity.
As discussed in Paper I, ΦL(∆τ) is better fit by a bi-
exponential form (see Fig. 2 of Paper I),
ΦL(∆τ) =
1
2
√
1− 2z2

(1 +
√
1− 2z2)×
exp
[
− 2|∆τ |(
1 +
√
1− 2z2)TL
]
− (1−√1− 2z2)×
exp
[
− 2|∆τ |(
1−√1− 2z2)TL
]
, (7)
where the parameter z (≡ τT/TL) is the ratio of the Tay-
lor micro timescale, τT, to TL. The Taylor (Lagrangian)
timescale is defined as τT = (2u
′2/a2)1/2 with a the 1D
rms of the acceleration field, a, of the flow. The theoret-
ical motivation of adopting a bi-exponential function is
that, by accounting for the flow acceleration, it correctly
reflects the smoothness of ΦL(∆τ) at small ∆τ ( ∼< τT).
For ∆τ ≪ τT, the bi-exponential function ensures that
the temporal velocity difference along a Lagrangian tra-
jectory scales linearly with ∆τ , and thus correctly de-
scribes the dissipation range in the Lagrangian frame
(Zaichik et al. 2006). In other words, the bi-exponential
function reflects the transition from the dissipation-range
scaling to the inertial-range scaling in the Lagrangian
frame. On the other hand, the single-exponential ig-
nores the existence of the dissipation range, and is thus
physical inadequate. The parameter z in eq. (7) is es-
sentially a measure of the width of the inertial range in
the Lagrangian coordinate. Approximately, z2 ∼ τη/TL
with τη the Kolmogorov time, and it is thus an indica-
tor of the timescale separation between the dissipation
and the driving scales. Clearly, z decreases with the flow
Reynolds number (Re), and it roughly scales with Re as
z ∝ Re−1/4. With eq. (7) for ΦL, we find,
w′f = u
′
(
Ω2
Ω+ Ω2 + z2/2
)1/2
, (8)
where Ω ≡ τp/TL. Eq. (8) shows that w′f approaches u′
for Ω ≫ 1, and scales with τp as τ1/2p , for intermediate
particles with z2/2 ≪ Ω ≪ 1. For small particles with
Ω≪ z2/2 (i.e., τp ≪ τ2T/2TL ≃ τη), eq. (8) predicts w′f =√
2u′Ω/z ≡ aτp (see also Weidenschilling 1984). This is
expected from eq. (1), assuming dv/dt ≃ du/dt = a.
4The linear scaling of w′f with τp for St ≪ 1 particles
cannot be correctly captured by eq. (6) that uses a single-
exponential form for Φ1 or ΦL. We will compare the
prediction, eq. (8), against our simulation data in §5.
3. THE PARTICLE RELATIVE VELOCITY IN THE
BIDISPERSE CASE
Following PP10 and Paper I, we use superscripts (1)
and (2) to label two particles coming together. In the
bidisperse case, we denote the friction times of the two
particles as τp1 and τp2. At a given time t, we examine
the relative velocity, w ≡ v(1)(t) − v(2)(t), of particle
pairs at given separations, r. The particle positions at
t are constrained by X(1)(t) −X(2)(t) = r. We denote
the flow velocities seen by the two particles as u(1)(t)
(≡ u(X(1), t)) and u(2)(t). We characterize the second-
order statistics of w by a particle velocity structure ten-
sor,
Spij(r) = 〈wiwj〉 =
〈(
v
(1)
i − v(2)i
)(
v
(1)
j − v(2)j
)〉
, (9)
where 〈· · ·〉 denotes the ensemble average. From statisti-
cal homogeneity and stationarity, Spij depends only on
r. Further assuming isotropy, it can be written as (Paper
I),
Spij(r) = 〈w2t 〉δij +
(〈w2r 〉 − 〈w2t 〉) rirjr2 , (10)
where 〈w2r 〉 and 〈w2t 〉 are the variances of the radial com-
ponent, wr (≡ wiri/r), and a tangential component,
wt, of the relative velocity, respectively. From eq. (10),
we see that 〈w2r 〉 = Spijrirj/r2, and the 3D variance,
〈w2〉 = Spii = 〈w2r 〉+ 2〈w2t 〉.
3.1. The Limits of Small and Large Particles
Saffman & Turner (1956) studied turbulence-induced
relative velocity in the small-particle limit with τp1, τp2
much smaller than the Kolmogorov timescale, τη, of
the turbulent flow, or with Stokes numbers St1,2 ≡
τp1,2/τη ≪ 1. Using a Taylor expansion of eq. (1) for
these small particles to calculate Spij gives (Saffman and
Turner1956),
Spij(r) = 〈aiaj〉(τp1 − τp2)2 + Sij(r), (11)
where a is the local flow acceleration, and the flow struc-
ture tensor, Sij(r), is defined as Sij(r) ≡ 〈∆ui∆uj〉 with
∆ui the velocity difference, ui(x+ r) − ui(x), across r.
In an isotropic flow, Sij = Snnδij + (Sll − Snn)rirj/r2,
where Sll(r) and Snn(r) are the longitudinal and trans-
verse structure functions (Paper I). For r below the Kol-
mogorov scale η (≡ (ν3ǫ¯)1/4) of an incompressible flow,
Sll(r) =
1
15
ǫ¯
ν r
2 and Snn(r) =
2
15
ǫ¯
ν r
2, respectively (Monin
and Yaglom 1975). Here ν and ǫ¯ are the viscosity and
the average energy dissipation rate of the flow.
With 〈aiaj〉 = a2δij from isotropy, we find by compar-
ing eq. (11) with eq. (10),
〈w2r 〉 = (τp1 − τp2)2a2 +
1
15
ǫ¯
ν
r2,
〈w2t 〉 = (τp1 − τp2)2a2 +
2
15
ǫ¯
ν
r2, (12)
where the first and second terms on the right hand sides
are usually referred to as the acceleration and shear
terms, respectively (Wang et al. 2000, Zhou et al. 2001).
In the monodisperse case, the acceleration terms vanish,
and only the shear terms contribute. The accuracy and
the weakness of the shear terms in the S-T formula for
equal-size particles have been discussed in Paper I5.The
acceleration terms depend on the friction time difference
(see also Weidenschilling 1984), and, unlike the shear
terms, they are independent of r.
We next consider the opposite limit of large parti-
cles with τp1,2 ≫ TL with TL the Lagrangian correla-
tion time of the flow. Motions of these particles are
similar to Brownian motion, and the velocities of any
such particles are uncorrelated. Therefore, Spij(r) =[(
v′(1)
)2
+
(
v′(2)
)2]
δij , where v
′(1) and v′(2) are the 1-
particle rms velocities (see Paper I). In this limit, we
have,
〈w2r 〉 = 〈w2t 〉 = u′2
(
1
Ω1
+
1
Ω2
)
, (13)
where Ω1,2 = τp1,2/TL, and we used v
′(1,2) = u′Ω−1/21,2 for
Ω1,2 ≫ 1 (Abrahamson 1975).
An interesting limiting case is that only one of the
particles is very large with τp ≫ TL. The velocity of this
particle is small (≪ u′), and its relative velocity with
the small particle would be approximately the 1-particle
velocity of the small particle. The 1-particle velocity
has been examined in Paper I. If the small particle has
τp ≪ TL, its velocity is close to the flow rms velocity, u′,
and the relative speed with the large particle is expected
to be ≃ u′. The flow-particle relative velocity discussed
in §2 is a special limiting case with one of the particle
being a tracer (St = 0).
3.2. The Formulation of Pan and Padoan (2010)
We briefly summarize the formulation of the model by
Pan and Padoan (2010; PP10) for the relative velocity
variance in the bidisperse case. The monodisperse ver-
sion of the model for equal-size particles was presented
in Paper I. The model is derived by calculating Spij(r)
in eq. (9) using the formal solution eq. (2) for the parti-
cle velocity. The derivation is reviewed in Appendix A,
where an assumption implicitly made in PP10 is pointed
out and justified. In the general PP10 model, Spij can
be written as two terms,
Spij(r) = Aij + Sij , (14)
which reduce to the acceleration and shear terms in the
S-T limit, eq. (12), respectively (see Appendix A and
§3.2.1). The formulation may thus viewed as a general-
ization of the S-T formula for particles of any arbitrary
sizes. We name Aij and Sij the generalized acceleration
and shear terms, respectively (PP10). Equations for the
5 For example, the S-T formula predicts that the shear term for
〈w2t 〉 is twice larger than that for 〈w2r 〉. But our simulation shows
that the radial and tangential rms relative speeds are nearly equal
for equal-size particles with St ∼> 0.1. We also found that the linear
scaling of the rms relative speed with r predicted by S-T for equal-
size particles does not hold for St ∼> 0.1, due to the sling effect or
caustic formation (Paper I). The S-T formula for shear terms may
have higher accuracy at St≪ 0.1.
5Particle 1 Particle 2 
Time 
Fig. 1.— Schematic figure illustrating the generalized acceleration term, Aij , for the relative velocity of particles, (1) and (2), of different
sizes at a separation r at t = 0. Without loss of generality, it is assumed τp2 > τp1. The figure is based on eq. (15), which suggests that
the effect of Aij can be roughly viewed as due to the particle memory of the temporal flow velocity difference, ∆Tu, seen by particle (2).
∆Tu is thus crucial for understanding the generalized acceleration effect.
two terms are given in Appendix A (eqs. (A6) and (A7)).
Note that the generalized shear term was denoted as Dij
in PP10.
Like the acceleration term in the S-T formula, Aij van-
ishes for particles of equal size. Aij relies only on the flow
velocity statistics along individual trajectories of the two
particles, and is thus independent of r. The generalized
shear term represents the contribution from the parti-
cles’ memory of the flow velocity difference they saw in
the past, and it can be modeled in a similar way as the
case of equal-size particles discussed in Paper I. Due to
the complexity of the problem, our formulation is com-
plicated (see Appendix A) and not straightforward for
applications. In further works, we will establish simple
function fits or simplified forms that agree with our data
and are practically easy to use. In this paper, we focus
on testing the accuracy of the model.
It is interesting to split the relative velocity, w, into
an acceleration component, wa and a shear component
ws, such that 〈waiwaj〉 = Aij and 〈wsiwsj〉 = Sij . It is
implicitly assumed that wa and ws are statistically inde-
pendent. We discuss the modeling and physical meaning
of the generalized acceleration and shear effects in the
next two subsections.
3.2.1. The Generalized Acceleration Term
To understand the physical meaning of the general-
ized acceleration term, we use an approximation for
the equation (A6) of Aij derived in Appendix A. The
term depends on the temporal flow velocity correlations,〈
u
(1)
i (τ)u
(1)
j (τ
′)
〉
and
〈
u
(2)
i (τ)u
(2)
j (τ
′)
〉
, along the indi-
vidual trajectories of the two particles. Assuming that
the trajectory statistics of the two particles are equiva-
lent, i.e.,
〈
u
(1)
i (τ)u
(1)
j (τ
′)
〉
≃
〈
u
(2)
i (τ)u
(2)
j (τ
′)
〉
, eq. (A6)
can be rewritten as,
Aij ≃
∫ 0
−∞
dτ
τp2
∫ 0
−∞
dτ ′
τp2
〈[
u
(2)
i (τ) − u(2)i (fτ)
]
×
[
u
(2)
j (τ
′)− u(2)j (fτ ′)
]〉
exp
(
τ
τp2
)
exp
(
τ ′
τp2
)
,
(15)
where f ≡ τp1/τp2 is the friction time ratio of the two
particles. Without loss of generality, we assume τp1 ≤ τp2
or f ≤ 1. Throughout the paper, we define f as the fric-
tion time (or Stokes number) ratio of the smaller particle
to the larger one. Note that eq. (15) depends on the flow
velocity, u(2), along the trajectory of particle (2) only6.
If τp1 = 0, f = 0, and eq. (15) becomes identical to eq.
(4) for the flow-particle relative velocity. Based on eq.
(15), Fig. 1 illustrates a physical picture for Aij . The en-
semble average term in eq. (15) is expected to increases
with |τ | and |τ ′|, and, together with the exponential cut-
offs, it suggests that a major contribution to the integral
is likely from τ and τ ′ values around −τp2. Therefore, a
rough estimate for the generalized acceleration effect is
wa ∼ u(2)(−τp2) − u(2)(−τp1), which is essentially the
temporal flow velocity difference ∆uT(∆τ) along the tra-
jectory of particle (2) at a time lag of ∆τ ≃ |τp2 − τp1|.
This establishes a relation between wa and the temporal
statistics of the flow velocity along an individual trajec-
tory. The approximation wa ≃ ∆uT(|τp2− τp1|) is crude
especially for particles of similar sizes and for large par-
ticles with τp ∼> TL. We will give a better expression
for wa based on a quantitative calculation of Aij (see
6 One could write an approximate equation for Aij with u(1)
only. It would be similar to eq. (15), but with u(1) replacing u(2),
τp1 replacing τp2, and 1/f replacing f .
6eq. (21) below). Although the discussion here is quali-
tative, it does provide an insightful physical picture for
the generalized acceleration effect. The discussion also
suggests that, even if the trajectory statistics of two dif-
ferent particles were identical at all times in the past,
their velocities at the current time would be different, as
they have different memories of (or different responses
to) the flow velocity.
We now quantitatively evaluate the generalized accel-
eration term. Assuming B
(1,2)
ij (τ, τ
′) = B(1,2)ij (|τ ′ − τ |),
we can simplify the double integrals in eq. (A6) by a
variable change, yielding,
Aij =
∫ 0
−∞
[(
τp2 − τp1
τp1 + τp2
)
B+ij(∆τ) +B
−
ij(∆τ)
]
×
[
1
τp1
exp
(
∆τ
τp1
)
− 1
τp2
exp
(
∆τ
τp2
)]
d∆τ, (16)
where B+ij ≡ (B(1)ij +B(2)ij )/2 and B−ij ≡ (B(1)ij −B(2)ij )/2.
Using D
(1,2)
ij = 2(u
′2δij − B(1,2)ij ) for the temporal flow
structure function, D
(1,2)
ij , we can explicitly see that the
acceleration term is connected to the temporal flow ve-
locity difference, ∆Tu(∆τ), on the particle trajectories.
Following PP10, we approximate both B
(1)
ij and B
(2)
ij
by the Lagrangian correlation tensor, u′2ΦL(∆τ)δij , so
that B+ij = u
′2ΦL(∆τ)δij and B
−
ij = 0. Here, the possible
asymmetry (i.e., B−ij) between the trajectory statistics of
different particles is neglected. Eq. (16) then becomes,
Aij = Aδij , (17)
with
A = u′2
(
τp2 − τp1
τp1 + τp2
)∫ 0
−∞
ΦL(∆τ)
×
[
1
τp1
exp
(
∆τ
τp1
)
− 1
τp2
exp
(
∆τ
τp2
)]
d∆τ. (18)
Eq. (17) indicates thatAij has equal longitudinal (radial)
and transverse (tangential) components.
If we adopt an exponential form for ΦL (≡
exp(−|∆τ |/TL)), then a simple integration gives,
A = u′2(Ω2 − Ω1)2/
[
(Ω1 +Ω2)(1 + Ω1)(1 + Ω2)
]
, (19)
where Ω1,2 ≡ τp1,2/TL. With a biexponential Φ(∆τ) (eq.
(7)), one obtains,
A = u′2
(Ω2 − Ω1)2
(
Ω1Ω2 + (Ω1 +Ω2)
z2
2
)
(Ω1 +Ω2)
(
Ω1 +Ω21 +
z2
2
)(
Ω2 +Ω22 +
z2
2
) ,
(20)
which reduces to eq. (19) if z = 0. Clearly, if both Ω1
and Ω2 are much larger than z
2/2, eq. (20) is a good ap-
proximation for eq. (19). In fact, eqs. (19) and (20) are
close to each other if either of the two Ω’s is much larger
than z2/2. A numerical comparison of eqs. (19) and (20)
shows that, if the large particle has Ω ∼> 3z2, the differ-
ence in the two equations is ∼< 20%. For convenience,
we will denote Ω of the larger and smaller particles as
Ωh and Ωℓ, respectively. In the limit Ωh → ∞, eq. (20)
approaches u′2(Ωℓ+z2/2)/(Ωℓ+Ω2ℓ +z
2/2), which is the
1-particle velocity variance of the smaller particle (see
eq. (6) of Paper I).
For small particles with Ω1,2 ≪ z2/2, it is easy to
show that eq. (20) reduces to A = 2u′2(Ω2 − Ω1)2/z2 =
(τp2− τp1)2a2, meaning that the acceleration term in the
S-T formula, eq. (12), is correctly reproduced by eq. (20).
On the other hand, eq. (19) from the single-exponential
ΦL fails to recover the S-T acceleration term, suggesting
that the bi-exponential form (eq. (7)) that accounts for
the effect of the flow acceleration is a preferred choice
for small particles. A numerical comparison with eq.
(20) shows that the S-T acceleration term is valid only
if both particles are quite small with Ω ∼< 0.08z2, and it
becomes inaccurate if Ωh ∼> 0.08z2.
In a short summary, if the larger particle has
Ωh ∼< 0.08z2, the S-T formula applies, and the accel-
eration effect is completely determined by the local flow
acceleration, a. If Ωh ∼> 3z2, the generalized acceleration
term is insensitive to a, and one can estimate A using
either eq. (19) or eq. (20). In the intermediate case with
0.08z2 ∼< Ωh ∼< 3z2, we need to use the general formula
eq. (20) for an accurate estimate. In this case, A depends
on the temporal flow velocity difference at a time lag in
between the dissipation and inertial ranges of the flow.
If one of the particles, say particle (1), is a tracer
particle, i.e., Ω1 = 0, then eq. (20) becomes A =
u′2Ω22/(Ω2+Ω
2
2+z
2/2). It is identical to the flow-particle
relative velocity, wf , derived in §2, which is a special
bidisperse case where only the generalized acceleration
term contributes.
Using eq. (20), we attempted to establish an approx-
imate relation for wa with the temporal flow velocity
difference, ∆uT, along the particle trajectory. The idea
is to obtain an approximate expression for wa in terms
of ∆uT, which satisfies the condition that the variance
of wa is consistent with eq. (20). A good approximation
is found to be,
wa ≃ 1− f
(1 + Ωℓ)1/2
∆uT(τp,h) (21)
where τp,l = min(τp1, τp2), τp,h = max(τp1, τp2), Ωℓ,h =
τp,l,h/TL, and f = τp,l/τp,h. We computed the variance
of wa from the above equation under the assumption
that ∆uT ≃ ∆uL, and found that it agrees with eq. (20)
within a factor of 2 for τp1 and τp2 in any range. Note
that here wa is related to ∆uT at a time lag equal to
the friction time, τp,h, of the larger particle. Eq. (21)
is useful for understanding our simulation result for the
bidisperse relative velocity (see §6).
3.2.2. The Generalized Shear Term
The generalized shear term is given by eq. (A7) in
Appendix A, and it represents the contribution to the
relative velocity from the particles’ memory of the spa-
tial flow velocity differences along their trajectories in
the past. The physical picture is illustrated in Fig. 2,
which is similar to Fig. 1 of Paper I for identical par-
ticles, except that here the memory cutoffs occur at
different times. The key of the PP10 model for this
term is the evaluation of the trajectory structure tensor,
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Fig. 2.— Schematic figure illustrating the generalized shear term for the relative velocity of two different particles, (1) and (2), which
represents the memory of the spatial flow velocity difference “seen” by the two particles in the past. It depends on the particle separations,
d(τ) and d(τ ′), backward in time, and also on the temporal decorrelation of the flow velocity structures across the particle distance between
τ and τ ′.
STij ≡ 〈[u(1)i (τ)−u(2)i (τ)][u(1)j (τ ′)−u(2)j (τ ′)]〉, defined as
the correlation of the flow velocity differences the parti-
cles saw at two times, τ and τ ′ (eq. (A4) in Appendix
A). We modeled it as,
STij(r; τ, τ
′) ≃ 〈Sij(R)Φ2(τ ′ − τ, R)〉
R
, (22)
where R(τ, τ ′) is the typical particle separation between
τ and τ ′. The ensemble average is over the probabil-
ity distribution of the random vector R. The Eulerian
structure tensor Sij(R) is defined as 〈∆ui(R)∆uj(R)〉,
with ∆u(R) ≡ u(x+R)−u(x), and Φ2
(
τ ′−τ, R) is the
temporal (de)correlation of the flow velocity structures
at a time lag of ∆τ = τ ′ − τ . A simple assumption of
Φ2 is Φ2 ≃ exp[−|τ ′ − τ |)/T (R)], where T (R) is correla-
tion time (or life time) of turbulent eddies of size R. A
better approximation for Φ2 with a bi-exponetial form is
given in Appendix B. Note that Φ2 differs from the tem-
poral correlation, Φ1, on the trajectory of an individual
particle.
We neglect the fluctuations in the amplitude, R, of
R and estimate STij by simply using the rms value of
R (PP10). In the rest of the paper, R denotes the
rms particle distance. We then have STij(r; τ, τ
′) ≃〈
Sij(R)
〉
ang
Φ2
(
τ ′ − τ, R), where “ang” denotes the an-
gular average over the direction of R. Inserting it into
eq. (A7) in Appendix A leads to,
Sij =
∫ 0
−∞
dτ
τp1
∫ 0
−∞
dτ ′
τp2
〈Sij(R)
〉
ang
Φ2
(
τ − τ ′, R)
× exp
(
τ
τp1
)
exp
(
τ ′
τp2
)
. (23)
An approximate evaluation of 〈Sij(R)
〉
ang
in Appendix
B gives,
〈Sij(R)〉ang = 1
3
[Sll(R) + 2Snn(R)] δij , (24)
where Sll, Snn are the longitudinal and transverse struc-
ture functions of the flow. The dependence of STij on R
indicates the crucial role of the particle separation back-
ward in time. We estimate R(τ, τ ′) as the geometric aver-
age of the particle distances, d(τ) and d(τ ′), at τ and τ ′,
i.e., R(τ, τ ′) =
√
d(τ)d(τ ′). A two-phase separation be-
havior consisting of a ballistic phase (d2(τ) = r2+〈w2〉τ2
with 〈w2〉 the 3D variance of the particle relative veloc-
ity) and a Richardson phase (d(τ)2 ∝ gǫ¯|τ |3 with g the
Richardson constant) is used for d(τ) as a function of
τ (Paper I). We connect the two behaviors at a transi-
tion time, τc = −(τp1 + τp2)/2. The justification for the
assumptions is described in Appendix B.
Based on eq. (23), we give an approximate estimate
for the shear term ws and relate it to the spatial flow
velocity difference, ∆u(ℓ) (≃ u(x+ ℓ)−u(x)). As shown
in §3.24 of Paper I, the shear term can be written asws ≃
∆u(Rp)[Tp/(Tp + τp)]
1/2 for equal-size particles with a
friction time τp. Here Rp, named the primary distance in
PP10 and Paper I, is defined as Rp ≡ R(−τp,−τp), which
is of particular interest because the memory cutoff sets
in at τ, τ ′ ∼< − τp. In paper I, we set Rp ≃ 〈w2〉1/2τp,
which assumes the duration of the ballistic separation
phase is not shorter than τp. The timescale Tp is the
flow correlation (or eddy turnover) time at the scale Rp,
i.e., Tp = T (Rp), and the factor [Tp/(Tp + τp)]
1/2 is due
to the Φ2 term in eq. (23) that gives a constraint, |τ ′ −
τ | ∼< T (R), on the memories of the two particles that can
contribute (Paper I).
In the bidisperse case, an expression for ws is more
complicated due to the different friction times. In this
8case, the Φ2 term tends to limit or reduce the temporal
range of the large particle’s memory (around the mem-
ory time of the smaller particle) that can contribute to
ws. Roughly speaking, Rp is primarily determined by
the smaller particle, and a simple assumption7 would be
Rp ≃ R(−τp,l,−τp,l), where τp,l is the friction time of
the smaller particle. In analogy with the monodisperese
case, we then have,
ws ≃ ∆u(Rp)
(
Tp
Tp + τp,h
)1/2
, (25)
where the last term corresponds to the reduction in the
time range of the larger particle’s memory that can con-
tribute when Tp < τp,h. Although the assumption above
is rough, it provides a useful picture to understand the
generalized shear term.
3.3. Summary
We briefly summarize our model for the general bidis-
perse case. Using eqs. (17), (23), and (24), the 3D rms
relative velocity can be calculated from,
〈w2〉 = 3A+ Sii, (26)
where A is given by eq. (17) and,
Sii =
∫ 0
−∞
dτ
τp1
∫ 0
−∞
dτ ′
τp2
[Sll(R) + 2Snn(R)] Φ2
(
τ − τ ′, R)
× exp
(
τ
τp1
)
exp
(
τ ′
τp2
)
. (27)
Here Sll, Snn, and the timescale T in Φ2 are given by
eqs. (B6), (B7), and (B8) in Appendix B. Eq. (26) is an
implicit equation of 〈w2〉, as R in eq. (27) depends on
〈w2〉 in the ballistic separation phase (see §3.2.2 and eq.
(B4) in Appendix B). We solve eq. (26) by an iteration
method. Unlike the monodisperse case of equal-size par-
ticles, the particle separation rate in the ballistic phase
(which is given by 〈w2〉1/2) has a contribution from the
generalized acceleration term.
The generalized acceleration and shear terms can re-
cover the S-T prediction in the small particle limit with
St1,2 ≪ 1 (see §3.2.1 and Appendixes A and B). Here we
show that eq. (26) also correctly reproduces the predic-
tion, eq. (13), for the large particle limit, i.e., τp1,p2 ≫ TL
(or Ω1,2 ≫ 1). We start with an analysis of the gen-
eralized shear term, i.e., eq. (27). We first note that
Sll(R), Snn(R), and T (R) increase as R increases back-
ward in time toward the integral scale, L, of the tur-
bulent flow. At |τ |, |τ ′| ∼> TL, R is expected to exceed
L (see Paper I), and Sll(R), Snn(R), and T (R) become
constant, i.e., Sll(R) = Snn(R) = 2u
′2, and T (R) = TL
(see eqs. (B6), (B7), and (B8)). We thus have [Sll(R) +
2Snn(R)]Φ2(τ − τ ′, R) = 6u′2ΦL(τ − τ ′) for τ, τ ′ ∼< −TL.
7 A more accurate evaluation of Rp can be obtained as follows.
One may first compute Rl,h = R(−τp,l,−τp,h), with τp,l,h the
friction times of smaller and larger particles, and then compare
T (Rl,h) with τp,h − τp,l. If T (Rl,h) is larger, we set Rp = Rl,h
and Tp = T (Rl,h). Otherwise, we define Rp such that Rp =
R(−τp,l,−τp,l − Tp). Combining this with Tp = T (Rp), one can
solve Rp and Tp. Using these estimates of Rp and Tp, we find that
the variance of eq. (25) provides a satisfactory approximation for
the shear contribution, Sij .
If the cutoff timescales, τp1 and τp2, in eq. (27) are
much larger than TL, one may approximate Sii by ≃
6u′2
∫ 0
−∞
dτ
τp1
∫ 0
−∞
dτ ′
τp2
ΦL(τ − τ ′) exp(τ/τp1) exp(τ ′/τp2),
which approaches 12u′2/(Ω1+Ω2) in the limit Ω1,2 ≫ 1.
Since 3A = 3u′2(Ω1−Ω2)2/[Ω1Ω2(Ω1+Ω2)] at Ω1,2 ≫ 1,
we have 〈w2〉 = 3A+Sii → 3u′2(1/Ω1+1/Ω2), consistent
with eq. (13) in §3.1. This proves that the large particle
limit is correctly recovered in our model.
4. NUMERICAL SIMULATION
We use the same simulation data as in Paper I. We
briefly describe the simulation, and refer the reader to
Paper I for details. Using the Pencil code, we carried
out the simulation in a periodic 5123 box with a length
of 2π on each side. An isothermal equation of state was
adopted. The flow was driven and maintained by a large-
scale force using wave numbers 1 ≤ k ≤ 2. After reaching
steady state, the 1D rms velocity of the flow is u′ ≃ 0.05
in units of the sound speed. The 3D rms velocity of
the flow corresponds to a Mach number of 0.085, suit-
able for applications to protoplanetary disks. At a Mach
number ≃ 0.1, the compressibility is very low, and the
flow statistics of all orders are essentially identical to in-
compressible turbulence (Pan & Scannapieco 2011). The
integral length, L, of the flow is about 1/6 box size, while
the Kolmogorov length scale η ≡ (ν3/ǫ¯)1/4 is estimated
to be 0.6 cell size of the grid, so that L ≃ 140η. The
Taylor Reynolds number of the flow is Reλ ≃ 200, and
the regular Reynolds number is Re ≃ 1000. The Kol-
mogorov velocity, uη ≡ (νǫ¯)1/4, is related to the rms by
u′ = (Reλ/
√
15)1/2uη ≃ 7uη.
A computation of the large eddy turnover time,
Teddy ≃ L/u′, and the Kolmogorov time, τη ≡ (ν/ǫ¯)1/2,
shows that Teddy ≃ 19.2τη. By integrating trajectories of
tracer particles (St = 0), we measured the Lagrangian
correlation function, ΦL, which is well fit by the bi-
exponential form, eq. (7), with TL = 14.4τη and z = 0.3
(Paper I). The timescale, TE, for the Eulerian temporal
correlation was estimated to be 15.9τη. The near equality
of TE with the Lagrangian correlation time TL justifies
the use of the Lagrangian correlation function for all par-
ticles (Paper I). In Appendix C, we show the Lagrangian
and Eulerian temporal structure functions, DL and DE,
which are of direct relevance for the particle-flow relative
velocity and the generalized acceleration term.
We included 14 species of particles of different sizes in
our simulated flow, each containing 33.6 million parti-
cles. The friction timescale, τp, of the smallest particles
is ≃ 0.1τη, while the largest particles have τp = 54TL,
corresponding to St = 795. Spanning 4 orders of magni-
tude, the τp range covers the entire length scale range of
the simulated flow. When integrating the particle equa-
tion of motion (eq. 1), we interpolated the flow velocity
inside computational cells using the triangular-shaped-
cloud (TSC) method (Johansen and Youdin 2007). An
accurate integration of the particle trajectories requires
an integration time step smaller than τp by a factor of
∼> 10− 20 (see, e.g., Ayala et al. 2008). The time step in
our simulation is about ≃ 0.01 Kolmogorov time, which
was set by the Courant condition for the flow evolution.
The ratio of this time step to the friction time of the
smallest particles in our simulation is≃ 1/10, close to the
9required value for accurate trajectory integration. Our
simulation run lasted 26Teddy, and, at the end of the
run, all the statistical measures reached a quasi steady-
state and the dynamics of all particles was relaxed (Paper
I). The simulation was computationally intensive. Using
4096 cores on the NASA/Ames Pleiades supercomputer,
the run lasted 14 days, costing 1.4 million CPU hours.
In our data analysis, we use several well-separated snap-
shots toward the end of the simulation.
5. THE PARTICLE-FLOW RELATIVE VELOCITY
In Fig. 3, we show the simulation results for the 1D
rms of the particle-flow relative velocity, wf . To com-
pute wf , we interpolated the flow velocity at the posi-
tion of each particle with the same TSC method used
in the simulation. The computed relative velocity is for
zero particle-flow distance. The bottom and top axes
normalize the particle friction time to the Kolmogorov
and Lagrangian correlation times, respectively. The rms
relative velocity, w′f , is normalized to the flow rms (u
′)
and the Kolmogorov velocity (uη) on the left and right
Y-axises, respectively. Similar normalizations are used
in most figures in the rest of the paper.
Eq. (5) from our model suggests that wf is estimated
by the temporal flow velocity difference ∆Tu along the
particle trajectory at a time lag of τp. ∆Tu may be
approximated by the Lagrangian (∆Lu) and Eulerian
(∆Eu) temporal velocity differences for particles in the
St ≪ 1 and τp ≫ TL limits, respectively. For a better
understanding of wf , we show the Lagrangian and Eule-
rian temporal structure functions (DL and DE) in Fig.
11 of Appendix C. As argued in Appendix C, the behav-
iors of ∆Lu and ∆Eu suggest that one may approximate
∆Tu by the Lagrangian velocity difference for particles
of any sizes. Comparing with Fig. 11 in Appendix C,
we see that w′f as a function of St is similar to the La-
grangian velocity difference as a function of the time lag,
confirming the physical picture of our model.
The solid line in Fig. (3) is our model prediction, eq.
(8), using a bi-exponential form for the Lagrangian cor-
relation function ΦL (and hence for Φ1; see §2). In ΦL,
we set TL to 14.4 τη and the parameter z to 0.3. These
values of TL and z were obtained from the best fit of eq.
(7) to the Lagrangian correlation function measured in
our simulated flow (see Fig. 2 of Paper I and Fig. 11 in
Appendix C of the current paper). As mentioned in §2,
the parameter z has a dependence on the flow Reynolds
number, Re, and, considering Re ≃ 103 in our flow, one
can estimate z in protoplantary turbulence using appro-
priate values of Re and the scaling z ≃ 0.3(Re/103)−1/4.
The solid line fits the data well except for the smallest
particles.
The dashed line corresponds to eq. (6) based on a single
exponential ΦL. Here TL is also set to 14.4τη. The fitting
quality of eq. (6) cannot be improved by tuning TL. As
discussed in §2, eq. (6) predicts a St1/2 scaling for w′f for
all particles with Ω ≪ 1. This prediction is inaccurate,
and the scaling of w′f is significantly steeper than St
1/2
at St ∼< 3. This discrepancy is due to the fact that the
single exponential form does not reflect the smooth part
of ΦL (or DL) at time lags, ∆τ , below the Taylor micro
timescale, τT. At ∆τ < τT, ΦL is affected by the flow
acceleration. The Taylor timescale was found to be 4.3
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Fig. 3.— The 1D rms of the particle-flow relative velocity as a
function of the particle Stokes number, St. The top X-axis nor-
malizes τp to the Lagrangian correlation time, TL. The dash and
solid lines are model predictions, eqs. (6) and (8), using single- and
bi- exponential forms for ΦL (and hence for Φ1), respectively. In
both lines, TL is taken to be 14.4 τη . For the bi-exponential case,
the parameter z is set to 0.3. The dotted line segment denotes a
St1/2 scaling.
τη in our flow (Paper I), and this explains the deviation
of the dotted line from the data points at St ∼< 3. Again,
the steepening of w′f below τp ∼< τT corresponds to the
transition from the inertial range of the temporal flow
velocity difference, ∆uT, to the dissipation range, which
is not captured by the single-exponential correlation.
The St1/2 scaling applies only to inertial-range parti-
cles. The dotted line segment in Fig. 3 represents such a
scaling at intermediate St. The data points do not show
a clear St1/2 range probably due to the limited inertial
range of the simulated flow. A confirmation of the pre-
dicted St1/2 scaling would require larger resolutions. For
small particles in the St≪ 1 limit, w′f is predicted to be
equal to aτp (see §2), suggesting a linear increase of w′f
with St. The linear scaling is not observed even at the
smallest St(= 0.1) in our simulation. The linear scal-
ing of w′f is based on the assumptions that tiny particles
closely follow Lagrangian trajectories and that the La-
grangian structure function, DL, scales with the time lag
as DL ∝ (∆τ)2 (see eq. (5)). However, the scaling of DL
was found to be shallower than ∝ (∆τ)2 at ∆τ ∼> 0.1τη
(Fig. 11 in Appendix C). This explains why the scaling of
w′f is slower than ∝ St for St ∼> 0.1. To verify the linear
scaling of w′f , one needs to include smaller particles with
St ≪ 0.1. The data point at St = 0.1 is significantly
larger than our model prediction with a bi-exponential
ΦL, and the reason may be that the trajectory compu-
tation for the smallest particles in our simulation is the
least accurate. This is because for these small particles
the ratio of the simulation time step to the friction time
is the largest, ≃ 1/10, which only marginally meets the
requirement for accurate trajectory integration (see §4).
To order to improve the accuracy for the St ∼< 0.1 parti-
cles, we will adopt a smaller time step for the trajectory
integration of the smallest particles in future simulations.
6. THE PARTICLE RELATIVE VELOCITY
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To compute the particle relative velocity, we search
pairs of particles from all the different species at given
distances, r = 1, 12 , and
1
4η. For each particle (1), we
count particles (2) in a distance shell [r−dr/2, r+dr/2].
The shell thickness dr (≪ r) is chosen such that the num-
ber of particle pairs available is of the order of ∼> 104,
sufficient for the measurement of the rms relative velocity
at an accuracy level of a few percent. On the other hand,
at r ∼< 18η, the measurement accuracy becomes poor due
to the limited number of particle particles available at
small distances (Paper I). We thus limit our measure-
ments to r ∼> 14η. Future simulations including a much
larger number of particles will allow accurate measure-
ments at r ∼< 18η, and help resolve the collision statistics
at smaller scales toward the particle size. We calculate
the 3D amplitude, |w|, of the relative velocity and its
radial component, wr = w · r/r, for each pair and av-
erage over all pairs to obtain the rms values, 〈w2〉1/2,
and 〈w2r 〉1/2. The rms speed in a tangential direction is
calculated as 〈w2r 〉1/2 = (〈w2〉 − 〈w2r 〉)1/2/
√
2.
TABLE 1
Properties of the simulated flow and the model
parameters
Re 1000 CK
a 2
u′/uη 7 CKn
b 2.5
L/η 140 CT
c 0.4
Teddy/τη 19.2 τc
d −(τp1 + τp2)/2
TL/τη 14.4 g
e 1.6(r = 1η)
τT/τη 4.3 1.3(r =
1
2
η)
z 0.3 1.0(r = 1
4
η)
aUsed in Eq. (B6) for the longitudinal structure function.
bUsed in Eq. (B7) for the transverse structure function.
cUsed in Eq. (B8) for the eddy timescale as a function of length
scale.
dAssumed transition time from the ballistic separation to the
Richardson behavior.
eAdopted Richardson constants that best fit 〈w2〉1/2 at different
r.
In PP10, we showed that our model prediction for the
rms relative velocity is in good agreement with the sim-
ulation data of Zhou et al. (2001) for the bidisperse case.
Here we test the model more systematically using our
simulation (at higher resolution than Zhou et al.). To
compare with the data, we first fix the Stokes number,
St1, of particles (1), and examine the relative velocity as
a function of St2. In §6,2, we will study the rms relative
velocity at fixed Stokes number ratios, f ≡ Stℓ/Sth.
In Table I, we summarize the properties of the sim-
ulated flow and the parameters adopted in our model.
The measurements and choices of the parameters are pre-
sented in details in Paper I, to which we refer the reader
for details. For example, as mentioned earlier, TL and
z are obtained by fitting eq. (7) to the measured La-
grangian correlation function, ΦL, while CK and CKn are
measured from the structure functions of the flow. The
choice of τc is explained in Appendix B, and a detailed
discussion on the selection of g values at different r is
given in §6.3.
6.1. The rms relative velocity at fixed St1
In Fig. 4, we plot the 3D rms relative velocity, 〈w2〉1/2,
for St1 = 0.78. The data points are the simulation result
for a particle distance of r = 1η. Clearly, 〈w2〉1/2 shows
a dip at St2 = St1. As discussed in PP10, the correlation
between the velocities of equal-size particles is stronger
than that between different ones. A higher velocity corre-
lation corresponds to a smaller relative velocity, leading
to the formation of a dip at St2 ≃ St1.
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Fig. 4.— 3D rms relative velocity as a function of St2 for
St1 = 0.78. Red and green lines are our model predictions us-
ing bi- and single- exponential temporal correlation functions (Φ1
and Φ2), respectively. A two-phase separation is adopted for the
generalized shear contribution. The ballistic phase is assumed to
last for (τp1 + τp2)/2, and g is set to 1.6 for the Richardson phase.
The blue dashed and dotted lines correspond to the contributions
by the generalized acceleration (
√
3A) and shear (
√Sii) terms in
our model with bi-exponential temporal correlations.
The solid red line is the prediction of our model us-
ing a bi-exponential form for both the 1-particle and the
2-particle temporal trajectory correlations, Φ1 and Φ2.
As explained above, we set the Lagrangian correlation
timescale to 14.4τη, and the parameter z to 0.3. For the
calculation of the shear contribution, we adopt a two-
phase backward-in-time separation behavior consisting
of an initial ballistic phase and a Richardson phase. The
motivation and the justification for the assumed behav-
ior can be found Paper I and Appendix B of the current
paper. The ballistic phase is assumed to last for a dura-
tion of (τp1 + τp2)/2 for particles of different sizes, and
then connect to a Richardson phase with a Richardson
constant of g = 1.6. The same separation is used in all
our model predictions for r = 1η in the rest of the pa-
per. When St2 = St1, the assumed separation behavior
reduces to that of identical particle pairs discussed in Pa-
per I. The choice of g = 1.6 is because, as shown in Paper
I, it gives a successful fit to the simulation data for the
relative velocity of equal-size particles at r = 1η . As
mentioned earlier, a difference for the pair separation of
different particles from the case of equal-size particles is
that the separation rate in the ballistic phase has a con-
tribution from the generalized acceleration term. The
red line is in good agreement with the data, supporting
the physical picture of our model for the bidipserse case.
The dip center in the red line corresponds to our predic-
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tion for the monodisperse case with St = 0.78. We point
out that the separation behavior we used for particles of
different sizes is largely an educated guess. However, the
exact behavior turns out to be unimportant for very dif-
ferent particles as the main contribution to their relative
velocity is the generalized acceleration term (see below).
The blue dashed and dotted lines in Fig. 4 correspond
to the generalized acceleration (
√
3A) and shear (
√Sii)
terms in our model with bi-exponential temporal correla-
tions. As discussed in §3, the acceleration term vanishes
for identical particles, and this is responsible for the dip
of 〈w2〉1/2 at St2 ≃ St1. It increases the relative velocity
on both sides of the dip. The generalized shear term first
increases with St2, and then turns over and decreases at
large St2. This can be understood from the approximate
equation (25) for the shear term, ws. The primary dis-
tance, Rp, in eq. (25) is mainly controlled by the smaller
particle, and, for St2 < St1, it increases with increasing
St2. The increase of Rp and/or Tp leads to the increase
of the shear term for St2 below St1. On the other hand,
as St2 exceeds St1, particle (1) becomes the smaller par-
ticle, and, at sufficiently large St2, both Rp and Tp be-
come independent of St2 and approach constants. After
that, eq. (25) indicates that the shear contribution, ws
would finally decrease as St
−1/2
2 , as seen in Fig. 4. This
decrease corresponds to the reduction in the range of the
memory of particle (2) that can contribute to Sii by the
Φ2 term in eq. (27).
In the green dashed line, we used a single-exponential
form for both Φ1 and Φ2. The green dashed line is higher
than the red solid line, and overestimates the data points
at small St2 ( ∼< 0.2). We find that the generalized shear
contribution is insensitive to the function form of Φ2,
and replacing Φ2 with a bi-exponential form does not re-
sult in a significant difference in the shear contribution8.
The difference between the red and green lines at small
St2 is mainly due to the generalized acceleration term.
The green line makes use of eq. (19) for the acceleration
contribution, which ignores the z2/2 terms in eq. (20)
based on the bi-exponential Φ1. In our simulated flow,
z2/2 = 0.045, and we have Ω ∼< 0.07 for particles with
St ∼< 1. Therefore, for these particles, the z2/2 terms
in eq. (20) are not negligible. Physically, for the small
particles with St ∼< 1, the generalized acceleration term
has a dependence on the local flow acceleration, a, which
is not accounted for by the single-exponential temporal
correlation. As discussed in §3.2.1, for these particles,
adopting a bi-exponential Φ1 is needed for an accurate
estimate of the acceleration contribution.
We also attempted to test the S-T prediction, 3a2(τp2−
τp1)
2 + ǫ¯3ν r
2, for the 3D variance against our data for
small particles with St1,2 ∼< 1. The measured value of
the acceleration variance a2 in our flow is 4.6τ−2η (see
Paper I or Appendix C). We aimed at specifically test-
ing the validity of the acceleration term, 3a2(τp2− τp1)2.
Thus, at a given St1, we replaced the shear term,
ǫ¯
3ν r
2, in
the S-T formula by the measured value of the monodis-
perse variance, 〈w2〉mono, at St2 = St1. Comparing
8 Similar to the monodisperse case in Paper I, when integrated,
the dependence of the double integral in eq. (27) of the generalized
shear term on Φ2 condenses to a dependence just on the timescale
T (R) in Φ2.
(3a2(τp2 − τp1)2 + 〈w2〉2mono)1/2 with the data, we find
that the acceleration term in the S-T prediction works
well only for the smallest two particles in our simulation,
i.e., for St = 0.1 and St = 0.19 particles. As mentioned
in §3.2.1, the generalized acceleration contribution can be
approximated by 3a2(τp2 − τp1)2 only if Ω1,2 ∼< 0.08z2.
With TL = 14.4 and z = 0.3 in our flow, this condition
corresponds to St1,2 ∼< 0.1, which is met only by the two
smallest particles in our simulation. By including smaller
particles, one may further test the S-T prediction for the
bidisperse case with St1,2 ≪ 0.1, where the acceleration
term is expected to be determined completely by the flow
acceleration, a.
Fig. 5 shows the simulation results and our model pre-
dictions for St1 = 12.4 (left panel) and St1 = 49.7 (right
panel). The two panels are plotted in the same way as
Fig. 4. The assumptions and parameters used in the
model predictions are also the same as for the St1 = 0.78
case in Fig. 4. For St1 = 12.4 and St1 = 49.7, there
is no significant difference between the predictions with
single- or bi- exponential temporal correlation functions.
As mentioned in §3.2.1, if either of the two particles has
Ω ∼> 3z2 (as is the case for St1 = 12.4 and St1 = 49.7),
eqs. (19) and (20) for the generalized acceleration term,
derived from single- or bi-exponential Φ1, respectively,
are close to each other. Together with the fact that the
shear contribution is insensitive to the form of Φ2, this
explains the coincidence of the red and green lines in
both panels of Fig. 5.
For St1 = 12.4, the rms relative velocity changes only
slightly with St2. The variation is less than ≃ 40%.
This is of particular interest as St1 = 12.4 corresponds
to a friction time close to the Lagrangian correlation
time, TL(= 14.4τη), of our flow. The small variation
of 〈w2〉 for τp1 ≃ TL can be understood by consid-
ering three interesting limits: St2 → 0 (toward the
left Y-axis), St2 = St1 and St2 → ∞ (the right Y-
axis). In the St2 → 0 limit, 〈w2〉1/2 is essentially the
particle-flow rms relative speed, w′f , of particles (1) (see§3.2.1). Then, using eq. (6) (or eq. (8)) for w′f , we have
〈w2〉1/2 = u′[3Ω1/(1 + Ω1)]1/2 ≃
√
3
2u
′ for τp1 ≃ TL and
St2 → 0. In the opposite limit St2 →∞, the velocity of
particles (2) is negligible, and its relative velocity with re-
spect to particles (1) is essentially the 1-particle velocity,
v′, of particles (1). Using eq. (4) (or (6)) in Paper I for
v′, we find that 〈w2〉1/2 = u′[3/(1 + Ω1)]1/2 ≃
√
3
2u
′ for
τp1 ≃ TL and St2 →∞. This is the same as the estimate
for the St2 → 0 limit. Finally, for the monodisperse case
with St2 = St1, we have shown in Paper I that the rms
relative speed of identical particles with τp ≃ TL is about
half the flow rms velocity, i.e., 〈w2〉1/2 ≃
√
3
2 u
′, which is
smaller by a factor of
√
2 than the estimated values for
the two extreme limits above. As seen in the left panel
of Fig. 5, the rms relative speed at the dip (St2 = St1)
is indeed smaller than at the left and right Y-axes by
30-40%. The fact that the difference of the three limits
is within ∼< 40% explains the small variation of 〈w2〉1/2
in the whole St2 range. The discussion here is general
and not limited to our simulation. We expect that, for
τp1 = TL in any flow, we have 〈w2〉1/2 ≃
√
3
2u
′,
√
3
2 u
′ and
12
100
101
10−1 100 101 102
0.1
1
0.01 0.1 1 10
〈w
2
〉1/
2
/u
η
〈w
2
〉1/
2
/√
3
u
′
St2
Ω2
r = 1η
St1 = 12.4
bi-exp
single-exp
accel
shear
100
101
10−1 100 101 102
0.1
1
0.01 0.1 1 10
〈w
2
〉1/
2
/u
η
〈w
2
〉1/
2
/√
3
u
′
St2
Ω2
r = 1η
St1 = 49.7
bi-exp
single-exp
accel
shear
Fig. 5.— Same as Fig. 4, but for St1 = 12.4 (left panel) and St1 = 49.7 (right panel). See caption of Fig. 4 for details.√
3
2u
′ at St2 → 0, St2 = St1 and St2 →∞, respectively.
In the right panel of Fig. 5, no dip exists in the data or
the model prediction for St1 = 49.7. Instead, 〈w2〉1/2 de-
creases monotonically as St2 increases from 0.1 to 795.
We find that the disappearance of dips actually starts
at St1 = 24.9 (or τp1 = 1.7TL). Recall that the dip
formation for smaller St1 is due to the tighter velocity
correlation between particles of similar sizes. But if τp
is considerably larger than TL, the particle velocities are
not significantly correlated even for two particles of ex-
actly the same size (see PP10). Therefore, dips are not
expected in the 〈w2〉1/2 vs. St2 curve if τp1 ∼> TL.
The fitting quality of our model around the dip for
St1 = 12.4 is not as satisfactory as the St1 = 0.78 and
St1 = 49.7 cases. The predicted curve overestimates the
width of the dip. Furthermore, rather than exactly at
St2 = St1, the dip center in the prediction is located at
St2 slightly below St1. The same is found for St1 = 3.11
and St1 = 6.21. Apparently, this mismatch of the dip
center is due to the decrease of the generalized shear
term with decreasing St2 at St2 ≤ St1. The poorer fit
of our model around the dips for St1 = 3.11, 6.21, and
St1 = 12.4 than for the St1 ∼< 1 and τp1 ∼> TL cases
suggests that the assumptions of the model are the least
accurate for inertial-range particles of similar size. The
following simplifying assumptions may be responsible for
this lower accuracy.
First, as discussed in Appendix A, we ignored a term
named Cij in our general formulation for the particle
structure function, Spij , in the bidisperse case. Second,
in §3.2.1 we neglected the anti-symmetric term B−ij , when
evaluating Aij . Both Cij and B−ij are related to the
asymmetry in the flow velocity statistics along trajec-
tories of the two particles. They are not exactly zero
for different particles, and it is possible that they make
non-negligible contributions for inertial-range particles of
slightly different sizes. Third, the assumptions in our
model for the generalized shear term may be less accu-
rate in the bidisperse case. One example is the assumed
separation behavior of particle pairs. As pointed out in
Appendix B, how particle pairs of different sizes exactly
separate backward in time is largely unknown. A direct
study of the pair separation of slightly different particles
in the inertial range may help improve the model pre-
diction. Theoretically, an improvement of our model for
inertial-range particles of similar sizes accounting for all
the possibilities listed above is of significant interest, as it
may further refine the understanding of the physics. On
the other hand, from a practical point of view, it may not
be particularly useful to develop a high-accuracy model
for the rms relative velocity, which, as mentioned earlier,
is not directly applicable to the collision statistics (see
Paper I). It could be more convenient to simply use the
collision statistics measured from the simulation data.
Overall, our model is in good agreement with the data
despite the small mismatch for inertial-range particles of
slightly different sizes, and, in general, it provides a suc-
cessful physical picture for the particle relative speed in
the bidisperse case.
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Fig. 6.— The 3D rms relative velocity for different values of St1.
Data points are simulation results at r = 1η. Lines are our model
predictions using bi-exponential correlation functions, Φ1 and Φ2.
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From Figs. 4 and 5, we see that the generalized shear
term is important only for particles of similar sizes, and
the acceleration term starts to dominate if the Stokes
numbers differ by a factor of ∼> 4. We stress that the
interesting limits, St2 → 0, St2 = St1 and St2 → ∞,
are very useful delimiters for the behavior of the relative
velocity at a given St1.
We summarize the general picture for the bidisperse
relative velocity in Fig. 6, which shows 〈w2〉1/2 at r = 1η
for six values of St1 ranging from 0.39 to 397. Lines
are the model predictions using bi-exponential Φ1 and
Φ2 and the same separation behavior as in Figs. 4 and
5. There is a clear difference in the behavior of 〈w2〉1/2
for τp1 ∼< TL and τp1 ∼> TL. For τp1 ∼< TL, a dip ex-
ists at St2 = St1, and, away from the dip, 〈w2〉1/2 in-
creases toward St2 → 0 and St2 → ∞. On the other
hand, for τp1 ∼> TL, there are no dips, and the relative
speed decreases monotonically with increasing St2. In
the St2 → 0 limit, i.e., on the left Y-axis, 〈w2〉1/2 cor-
responds to the particle-flow relative velocity for parti-
cles (1) and increases with increasing St1 (see eq. (8)
and Fig. 3). In the other limit St2 → ∞ (the right Y-
axis), the relative velocity decreases monotonically with
increasing St1, corresponding to the decrease of the 1-
particle relative velocity of particles (1) with increasing
τp1 (see eq. (6) and Fig. 5 of Paper I). For τp2 ≃ TL(i.e.,
St2 ≃ 14.4), the change of 〈w2〉1/2 with St1 in the ver-
tical direction is slight, corresponding to the small vari-
ation of 〈w2〉1/2 as a function of St2 in the horizontal
direction for St1 = 12.4 (see the left panel of Fig. 5).
6.2. The rms relative velocity at fixed Stokes ratios
Instead of fixing one of the Stokes numbers, it may
also be convenient to analyze the relative velocity of par-
ticle pairs with a fixed Stokes number ratio, f . As a
reminder, f is defined as the ratio of the lower Stokes
number, Stℓ (≡ min(St1, St2)), to the higher one, Sth
(≡ max(St1, St2)), so that 0 ≤ f ≤ 1. In Fig. 7, we
show the 3D rms relative speed at r = 1η as a function
of Sth for different values of f . The monodisperse case
(black diamonds) corresponds to f = 1. As discussed in
Paper I, for small identical particles at St ∼< 1, the rela-
tive velocity at r = 1η is mainly determined by the local
flow velocity difference and is essentially independent of
St. As St increases above 1, the particle memory of the
spatial flow velocity difference in the past becomes impor-
tant and the relative velocity starts to increase. A St1/2
scaling (dotted line segment) was predicted for inertial-
range particles by various models. For large particles
with τp ≫ TL, the memory/correlation time of the flow
at the largest scales is shorter than the particle memory,
and the flow memory cutoff (by the Φ2 term) causes a
decrease of the relative velocity with St as St−1/2.
The black squares show the particle-flow relative ve-
locity, 〈w2f 〉1/2, corresponding to f → 0. For a consistent
comparison, 〈w2f 〉1/2 is measured here at the same dis-
tance (r = 1η) as in the particle-particle cases9. We
9 Note that the particle-flow relative velocity, w′f , shown in Fig.
3 is at zero distance. The data points for w′f at r = 0 and 〈w2f 〉1/2
at r = 1η are found to coincide at St ∼> 1. But at St ∼< 1, 〈w2f 〉1/2
at r ≃ 1η is slightly larger due to the contribution of the shear
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Fig. 7.— The 3D rms relative velocity at r = 1η for particle
pairs with fixed Stokes ratios, f ≡ Stℓ/Sth = 12 (red), 14 (green), 18
(blue) and 1
16
(magenta). Black diamonds and squares correspond
to the monodisperse case (f = 1) and the particle-flow relative
velocity (f = 0). The lines show our model predictions. The two
black dotted line segments correspond to a St
1/2
h scaling.
used the TSC interpolation to obtain the flow velocities
at a separation r from the position of each particle in
the three orthogonal directions of the simulation grid.
The black dotted line shows our model prediction. To
compute the prediction, we set one of the friction times
in eq. (27) to zero, which reduces the equation to a sin-
gle integral. We used exactly the same assumptions and
parameters as in the predictions for the particle-particle
relative velocity in the bidisperse case. The prediction is
in good agreement with the data points.
The color data points show the simulation results for
1
16 ≤ f ≤ 12 , which all lie in between the particle-flow rel-
ative velocity (f = 0) and the monodisperse case (f = 1).
Due to the contribution of the generalized acceleration
term, the relative velocity increases as f decreases. At
a given Sth, the increase of 〈w2f 〉1/2 with decreasing f
corresponds to the increase of the data points or lines in
Fig. 6 toward the left Y-axis, i.e., at St2 ≤ St1. The
color lines in the figure are our model predictions using
bi-exponential temporal correlation functions and a two-
phase separation behavior with a Richardson constant of
g = 1.6 (i.e., the same as the lines in Figs. 4, 5, and 6).
The model prediction matches reasonably well the data.
As Sth → 0, all the data points and lines appear to con-
verge to the same value. At any given f , both particles
become tracer particles as Sth → 0. Therefore, in the
Sth → 0 limit, the relative velocity always approaches
the spatial flow velocity difference across the particle dis-
tance, r (see the shear term in the S-T formula).
Like the monodisperse case, 〈w2〉1/2 first increases with
Sth, reaches a maximum and finally decreases. We find
that in general the peak of 〈w2〉1/2 lies in the range
TL ∼< τph ∼< TL/f (or equivalently fTL ∼< τpl ∼< TL). In
this range, the variation of 〈w2〉1/2 is small. The value
term. The shear contribution to 〈w2f 〉 for the St ∼< 1 particles is
approximately ǫ¯
3ν
r2.
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Fig. 8.— The 3D rms relative velocity at Stokes ratios f = 1
2
(left panel) and 1
8
(right panel). Solid lines are the same model predictions
as in Fig. 7. Dashed and dotted lines are the generalized shear and acceleration contributions, respectively. Dotted line segments denote
St
1/2
h scaling.
of Sth at which 〈w2〉1/2 peaks increases with decreasing
f . For Stℓ ≫ TL (Sth ≫ TL/f), 〈w2〉1/2 is expected
to decrease as St
−1/2
h (see eq. (13) and the discussion
below).
The two dotted line segments denote a St
1/2
h scaling for
Sth in the inertial range. Such a scaling has been pre-
dicted for inertial-range particles of equal sizes (f = 1) by
various models (see Paper I). The same scaling was also
predicted by our model for the relative velocity, wf , be-
tween the flow and inertial-range particles (i.e., for f = 0;
see §2 and 5). This suggests the possibility of a universal
St
1/2
h scaling in the inertial range for any f between 0 and
1. Using eq. (21) and the assumption ∆uT ≃ ∆uL, we
see that, for a fixed f , the acceleration term, wa, would
scale as St
1/2
h for τph in the inertial range. This could
also be shown from eq. (20): at a given f , the acceler-
ation contribution, A, to the relative velocity variance
goes linearly with Ωh if z
2/2≪ Ωh ≪ 1. Therefore, the
St
1/2
h scaling is expected for f ∼< 14 , where the accelera-
tion effect dominates. Considering the high probability
that the shear term, ws, in the monodisperse case scales
as St1/2 in the inertial range, it may be generally true
that the scaling applies to any f . However, to observe a
convincing St
1/2
h scaling, the flow must have an extended
inertial range. Higher-resolution simulations are needed
to verify if a St
1/2
h scaling holds in general for any values
of f in the range 0 ≤ f ≤ 1.
In Fig. 8, we show the rms relative velocity for f = 12
(left panel) and f = 18 (right panel) in more details.
The data points and the solid lines are the same as the
corresponding ones in Fig. 7. The discrepancy between
the data and our model prediction is largest for f = 12 .
In this case, our model underestimates the data points
by ≃ 20% for Sth = 3.11 and 6.21, and by ≃ 15% for
St2 = 1.55 and 12.4. On the other hand, the model
prediction agrees with the data quite well for smaller
(Sth ∼< 1) or larger (τph ∼> TL) particles. A detailed
discussion on the possible reasons for the discrepancy for
inertial-range particles of similar sizes was given in §6.1.
The agreement improves with decreasing f , and at f = 14
the discrepancy is < 10%.
The dashed and dotted lines in Fig. 8 plot the gener-
alized shear and acceleration contributions in our model
predictions. At f = 12 , the relative velocity is mainly
contributed by the shear term, except for 0.4 ≤ Sth ≤ 3.
The contribution of the acceleration term increases with
decreasing f , and, at f ≤ 18 , the rms relative velocity is
dominated by the acceleration contribution.
The behaviors of the generalized acceleration and shear
contributions as a function of Sth can be understood
from eqs. (21) and (25) for wa and ws, respectively. Eq.
(21) indicates that, at a fixed f , wa increases with Sth
for τph ∼< TL because ∆Tu(τph) increases with τph. Due
to the (1+Ωℓ)
−1/2 (or (1+ fΩh)−1/2) factor in eq. (21),
wa decreases as St
−1/2
h at τph ≫ TL/f . These are indeed
observed in the dotted lines in Fig. 8. The acceleration
term is roughly constant for TL ∼< τph ∼< TL/f because in
this range the amplitude of ∆Tu(τph) is ≃ u′ and Ωℓ ∼< 1.
In order to understand the shear contribution, we calcu-
late the rms of ws from eq. (25) using the method de-
scribed in Footnote 4 to estimate the primary distance,
Rp, and the timescale, Tp. The calculation shows that
the rms of ws is consistent with
√Sii computed from the
double integral equation (27), supporting the validity of
eq. (25) as an approximate estimate for the shear term.
At small Sth, both Rp and Tp in eq. (25) increase with
Sth, and thus the shear contribution increases. As Sth
keeps increasing, Tp finally reaches the maximum value
(TL), when the friction time, τp,l, of the smaller particle
increases up to ≃ TL. At τp,l ∼> TL, Tp stays constant
(= TL), and the [Tp/(Tp+Tp,h)]
1/2 term in eq. (25) causes
ws to decrease with Sth. The condition τp,l ∼> TL corre-
sponds to Ωℓ ∼> 1 or Ωh ∼> 1/f . This explains why the
peak of the shear contribution occurs at larger Sth for
smaller f . Similar to the acceleration term, the shear
contribution,
√
Sii, decreases as ∝ St−1/2h at Ωh ≫ 1/f .
6.3. Dependence on the particle distance
In Fig. 9, we show the 3D rms relative velocity at dif-
ferent particle distances. The left and right panels plot
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Fig. 9.— Dependence of 3D rms relative velocity on the particle distance, r. Left and right panels plot results at fixed St1 and fixed
Stokes ratios, respectively. In both panels, lines are our model predictions using bi-exponential Φ1 and Φ2 and a two-phase separation
behavior with g = 1.6, 1.3 and 1.0 for r = 1, 1
2
, and 1
4
η, respectively. For clarity, the data points and lines in the right panel for f = 1
2
and 1
4
are shifted upward by a factor of 3 and 9, respectively.
〈w2〉1/2 at fixed values of St1 and fixed Stokes ratios
f , respectively. The solid, dashed and dotted lines are
our model predictions for r = 1, 12 , and
1
4η using bi-
exponential temporal correlations and a two-phase be-
havior for the particle separation backward in time. In
the Richardson phase, g is set to 1.6, 1.3 and 1.0 for
r = 1, 12 , and
1
4η, respectively. These values of g are the
same as those used in Paper I that best fit the rms rela-
tive velocity of equal-size particles at the corresponding
distances. As discussed in Paper I, our choice of smaller
Richardson constant g at smaller r is based on the ob-
servation that the directly measured value of g for the
backward-in-time pair separation of tracer particles in
our simulated flow decreases with decreasing initial dis-
tance r. This is likely due to the limited inertial range of
the simulated flow, and g may reach a universal constant
value if the flow Reynolds number is sufficiently larger
(Paper I). It would be convenient if one can set g to a
fixed constant in our model. However, the measured g
for tracer particles suggests otherwise, and allowing g to
change with r for inertial particles in our flow appears
to be a more natural choice, as fixing g to a single value
may leave the misleading impression that g is strictly
constant with r in our simulated flow. We thus pursued
best fits of our model prediction to the simulation data
by varying g with r. The fact that the best-fit g de-
creases with r is consistent with the direct measurement
of g for tracer particles. In protoplanetary turbulence,
the Reynolds number is much larger than in our simula-
tion, and one may expect a constant g at different values
of r. However, this expectation and the exact value of g
in flows with much larger Re needs to be examined by
numerical simulations at considerably higher resolution.
In the left panel of Fig. 9, we see that, for St1 < 6.2, the
dips at St2 = St1 become deeper with decreasing r. This
corresponds to the r−dependence of the relative velocity
in the monodisperse case (see the f = 1 case in the right
panel). For small equal-size particles in the S-T limit,
the relative velocity decreases with decreasing r, as it is
determined largely by the local flow velocity difference
across r. As St increases, the particle memory of the
spatial flow velocity difference in the past provides larger
contribution, and the r−dependence becomes weaker. At
St ∼> 6.2, the particle memory time is significant, and the
particle separation at a friction time ago is insensitive to
its initial value, r. This explains the r−independence of
the dip for St1 = 6.2 in the left panel, as well as the
r−independence of the f = 1 case at St ∼> 6.2 in the
right panel.
In the bidisperse case, the generalized acceleration
term is independent of the particle distance (see §3.2 and
Appendix A), and its presence reduces the r−dependence
of 〈w2〉1/2. In the left panel of Fig. 9, the relative speed
is less dependent on r, as St2 moves away from the dip
center. Clearly, toward both sides of the dips, the contri-
bution from the generalized acceleration term increases.
For St1 ∼> 6.2, the generalized shear term is already inde-
pendent of r for St2 around St1, and this suggests that,
if one of the Stokes numbers is larger than 6.2, 〈w2〉1/2
is r−independent.
The same behavior is seen in the right panel: the
r−dependence of 〈w2〉1/2 becomes weaker as the Stokes
ratio f decreases. The weaker r−dependence in the bidis-
perse case makes the evaluation of the collision statis-
tics much easier than in the monodisperse case. As dis-
cussed in the Introduction (see also Paper I), dust par-
ticles in protoplanetary disks are nearly point-like parti-
cles, and in principle one needs to extrapolate the mea-
sured statistics to the r → 0 limit before applying it
to dust particle collisions. In Paper I, we found that,
for equal-size particles with St ∼< 1, the extrapolation
is very challenging because their relative velocity has a
significant r−dependence that may persist to very small
r. In the bidisperse case, the relative velocity of small
particles would converge once the r−independent accel-
eration contribution dominates, making it considerably
easier to directly compute the collision statistics from the
numerical simulations.
We point out that, in principle, the Richardson con-
stant g is not a free parameter, as it is physically con-
trolled by the properties of the turbulent flow and the
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Fig. 10.— Radial (filled circles) and tangential (open circles) rms relative speeds at different r. Left and right panels show results at
fixed St1 and fixed Stokes ratios, respectively. The lines are our model predictions using the same parameters as in Fig. 9. Eq. (24) is
adopted for 〈Sij〉ang, which predicts 〈w2r 〉 = 〈w2t 〉 = 13 〈w2〉. For clarity, the data points and lines in the right panel for f = 12 and 14 are
shifted upward by a factor of 3 and 9, respectively.
particle dynamics. However, the exact value of g for in-
ertial particles is largely unknown, and its behavior with
decreasing r and the flow Reynolds number, Re, is cur-
rently an open question. We thus treated g essentially as
a free parameter in our model prediction. Our assump-
tion concerning particle separation will be refined and
improved with the help of future numerical studies that
directly investigate the backward-in-time separation of
inertial particles. Due to the uncertainty of g, it is useful
to examine the dependence of our model prediction on
g. The g−dependence of our model for equal-size par-
ticles was shown in the left panel of Fig. 2 in PP10. It
was found in PP10 that the dependence on g is rather
weak, and, for inertial-range particles, the model pre-
diction for 〈w2〉1/2 scales with g as g1/3. Note that the
right panel of Fig. 2 in PP10 assumed a different sep-
aration behavior and a different Reynolds number than
in the current work. Repeating the same analysis of g-
dependence with the separation behavior adopted in this
work and Re in our simulated flow, we found a similar
weak dependence on g: The predicted 〈w2〉1/2 decreases
only by ∼< 20% for 0.8 ∼< St ∼< 10, as g decreases by each
factor of 2, consistent with the g1/3 dependence. This
weak g-dependence, to some degree, alleviates the prob-
lem of uncertainties in g and its behavior with r and Re.
In order to estimate the effects of the uncertainties in g,
we also attempted to compare our model with g fixed at
a single value of 1.6 against simulation results for all r.
It turns out that, due to the weak g−dependence, our
model with g = 1.6 is in acceptable agreement with the
data for all r ∼> 14η. For example, for equal-size parti-
cles, changing g from the best value of 1.0 for r = 14η
to1.6 only leads to a ∼< 15% overestimate for the St
range 0.4 ∼< St ∼< 3. Also g does not affect the accelera-
tion term, and thus the g−dependence is even weaker for
particle of different sizes. If the Stokes numbers differ by
a factor of ∼> 2, our model prediction is barely affected
as g is changes from 1 (or 1.3) to 1.6. We emphasize that
fixing g to a single value here is for an illustration, as
there is no evidence that g is constant in our flow. As
mentioned earlier, g may be constant with r in realistic
flows with much larger Re.
6.4. The radial and tangential rms relative speeds
In Fig. 10, we show the rms relative speeds in the radial
(〈w2r 〉1/2; filled symbols) and tangential (〈w2t 〉1/2; open
symbols) directions at r = 1, 12 and
1
4η. In the left
panel, we fix St1 at 0.19, 0.78 and 3.21, while the right
panel shows fixed Stokes ratios, f = 1, 12 and
1
4 . Re-
sults on the radial and tangential relative speeds in the
monodisperse case (the f = 1 case in the right panel of
Fig. 10) were already discussed in Paper I. The S-T for-
mula predicts that the tangential rms is larger than the
radial one by
√
2 for identical particles with St≪ 1 (see
eq. (12)). This factor originates from the difference in
the longitudinal and tangental structure functions of in-
compressible turbulence. However, in Paper I we found
that, at 14η ≤ r ≤ 1η, the tangential-to-radial rms ratio is
about 1.1 for the smallest particles (St = 0.1) in our sim-
ulation, and it decreases to unity at St ≃ 1, above which
〈w2t 〉1/2 and 〈w2r 〉1/2 are equal (see the f = 1 data in the
right panel). One reason for the near equality of 〈w2t 〉1/2
and 〈w2r 〉1/2 for the St ∼< 1 particles is the deviation of
their trajectories from the flow elements, which random-
izes the direction of the relative velocity with respect to
the particle separation, r. For larger particles, the ef-
fect of the particle memory of the spatial flow velocity
difference in the past and the stochastic particle separa-
tion backward in time also tends to equalize 〈w2r 〉1/2 and
〈w2t 〉1/2.
In the bidisperse case, the acceleration contributions
to the radial and tangential components are equal both
in the S-T formula (eq. (12)) and in our model predic-
tion (see eq. (17)). Therefore, the tangential-to-radial
ratio for different particles is expected to be closer to
unity than the monodisperse case. In left panel of Fig.
10, we see that 〈w2t 〉1/2 is slightly larger than 〈w2r 〉1/2
at the dip center for St1 = 0.19. As St2 moves away
from St1 = 0.19, the acceleration contribution increases,
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leading to a decrease in the difference between 〈w2r 〉1/2
and 〈w2t 〉1/2. There is also a general trend for 〈w2r 〉1/2
and 〈w2t 〉 to equalize as r decreases. For the bidisperse
case, this corresponds to a relative increase in the ac-
celeration contribution, as the shear term decreases with
decreasing r for small particles in the S-T limit. The
same behavior is seen in the right panel. If one Stokes
number is larger than ≃ 1, the tangential-to-radial ratio
is unity, since 〈w2r 〉1/2 and 〈w2t 〉1/2 are already equal in
the monodispese case with St ∼> 1.
Due to the almost equality of the radial and tangential
rms speeds for all Stokes pairs in our simulation,
we adopt eq. (24) for the angular average of the
trajectory structure tensor, 〈STij〉ang, which predicts
〈w2r 〉 = 〈w2t 〉 = 13 〈w2〉. The lines in Fig. 10 are our
model predictions from this equation10, which are
in good agreement with the data points. Again, we
adopted bi-exponential Φ1 and Φ2 and a two-phase
separation behavior with g = 1.6, 1.3 and 1.0 for r = 1,
1
2 , and
1
4η, respectively. The r−dependence of 〈w2r 〉1/2
and 〈w2t 〉1/2 is similar that of the 3D rms shown in Fig. 9.
To summarize §6.3 and 6.4, we found that the inter-
esting features of the rms relative velocity for equal-size
particles discussed in Paper I become weaker in the bis-
disperse case. The generalized acceleration term is rather
featureless: It is independent of the particle distance, and
provides equal contributions to the radial and tangential
components of the relative velocity. As the acceleration
contribution increases with increasing Stokes number dif-
ference, both the r−dependence and the tangential-to-
radial ratio decrease. In Appendix D, we follow Paper I
to split particle pairs at given distances into two groups
with negative and positive radial relative speed, corre-
sponding to particles approaching and separating from
each other, respectively. This division is of interest be-
cause only approaching particle pairs may lead to colli-
sions. Paper I found that, for equal-size particles with
St ∼< 6, approaching pairs have larger relative speed than
separating ones. In the bidisperse case, the acceleration
contribution is independent of the relative motions of
the two particles as it depends only on the flow velocity
statistics along individual particle trajectories. There-
fore, as shown in Appendix D, the asymmetry between
approaching and separating pairs is weaker in the bidis-
perse case than in the monodisperse one.
7. SUMMARY AND CONCLUSIONS
We have investigated the relative velocity of inertial
particles suspended in turbulent flows, extending our ear-
lier work on equal-size particles (Pan & Padoan 2013;
Paper I) to the general bidisperse case for different par-
ticles of arbitrary sizes. We have made use of the same
numerical simulation presented in Paper I, which evolved
14 species of inertial particles in a simulated turbulent
flow. The particle friction time, τp, ranges from 0.1τη
(St = 0.1) to 54TL (St = 795), with τη and TL the Kol-
mogorov timescale and the Lagrangian correlation time
of the flow, respectively. We computed the rms relative
10 As discussed in Appendix B, using eq. (26) in Paper I for
〈Sij〉ang would recover the S-T prediction for small particles,
which, however, gives poorer fits to the data.
velocity, 〈w2〉1/2, for all Stokes number pairs (St1, St2)
available in the simulation, and tested the PP10 model
for the general bidisperse case. Here we list our main
conclusions.
1. As a special bidisperse case, we examined the rel-
ative velocity, wf , between inertial particles and
the local flow velocity. We showed that wf can be
roughly estimated as the temporal flow velocity dif-
ference, ∆uT(∆τ), along the particle trajectory at
a time lag, ∆τ , close to the particle friction time τp.
A simple model is developed for the rms of wf , as-
suming that the temporal flow velocity correlation
on the particle trajectory can be approximated by
the Lagrangian correlation function, ΦL. Adopting
a bi-exponential form for ΦL, our model is in good
agreement with the simulation data. In particular,
it predicts that the rms of wf increases linearly
with St for St ≪ 1, scales as St1/2 in the inertial
range, and finally approaches the flow rms veloc-
ity for τp ≫ TL. The particle-flow relative velocity
is an interesting delimiter that helps confine the
relative velocity behavior in the general bidisperse
case.
2. We introduced the general formulation of PP10
for the relative velocity of different particles of
arbitrary sizes. The formulation shows that the
relative velocity variance is contributed by two
terms, named as the generalized acceleration and
shear terms because they reduce to the acceleration
and shear terms in the Saffman-Turner formula for
small particles with St ≪ 1. The generalized ac-
celeration term originates from different responses
of particles of different sizes to the flow velocities.
We established an approximate relation between
the generalized acceleration term and the temporal
flow velocity difference, ∆uT, along the trajectory
of the larger particle. On the other hand, the gener-
alized shear term represents the contribution from
the particles’ memory of the spatial flow velocity
difference, ∆u, across the distance of the two par-
ticles at given times in the past. An analytical ex-
pression is derived for the generalized acceleration
term, while the generalized shear term is modeled
in a similar way as the mondispserse model pre-
sented in Paper I, accounting for the combined ef-
fects of the particle memory and the separation of
particle pairs backward in time. For equal-size par-
ticles, the acceleration term vanishes, and only the
shear term contributes.
3. Using our simulation, we computed the rms relative
velocity, 〈w2〉1/2, between particles of any different
sizes. We first examined 〈w2〉1/2 as a function of
St2 at fixed values of St1. If τp1 ∼< TL, the relative
velocity shows a dip around St2 ≃ St1, indicat-
ing that the velocities of nearby particles of similar
sizes have a tighter correlation than particles of dif-
ferent sizes. The dip disappears for τp1 ∼> TL. The
generalized shear term dominates the contribution
to the rms relative velocity for particles of similar
sizes, while the acceleration term dominates if the
Stokes numbers differ by more than a factor of ≃ 4.
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Defining the ratio, f ≡ Stℓ/Sth, between the small
(Stℓ) and large (Sth) Stokes numbers, we also con-
sidered 〈w2〉1/2 as a function of Sth at fixed values
of 0 ≤ f ≤ 1. The limits f → 0 and f → 1 cor-
respond to the particle-flow relative velocity and
the monodisperse case, respectively. At a fixed
f , 〈w2〉1/2 increases with Sth for τph ∼< TL, stays
roughly constant for TL ∼< τph ∼< TL/f (or equiv-
alently fTL ∼< τpl ∼< TL), and finally decreases as
St
−1/2
h for τh ≫ TL/f . For any value of f , a St1/2h
scaling is predicted, if the larger friction time, τp,h,
is within the inertial range of the flow. This St
1/2
h
scaling will have to be verified in future simulations
with higher resolutions. At a given Sth, 〈w2〉1/2 in-
creases with decreasing f due to the increase of the
acceleration contribution, which starts to dominate
at f ∼< 1/4.
The generalized acceleration contribution is in-
dependent of the distance, r, and thus reduces
the r−dependence of the relative velocity be-
tween small, different particles, making it easier
to achieve numerical convergence for the collision
statistics of point-like particles at r → 0.
The prediction of the PP10 model is in good agree-
ment with the simulation data. The largest dis-
crepancy occurs for f = 12 and Sth in the inertial
range, where the model underestimates the rms rel-
ative velocity by 15-20%. At other values of f , the
discrepancy between our model and the simulation
is < 10%. This confirms the validity of the physical
picture revealed by our model.
We emphasize that the theoretical modeling of the rms
relative velocity is important for understanding the fun-
damental physics, even though its practical use is limited.
In future work, we will focus on establishing statistical
measures or tools that can be applied to model dust par-
ticle collisions in protoplanetary turbulence. We have
started an effort in an ongoing paper (Pan & Padoan
2014) to explore the collision kernel in the general bidis-
perse case, accounting for turbulence-induced collision
velocity and the effect of turbulent clustering. In the next
paper of this series, we will systematically examine the
probability distribution of the collision velocity, which is
needed to determine the fractions of collisions leading to
sticking, bouncing or fragmentation. Due to the limited
resolution, the simulated flow in the current work has
only a short inertial range, and our model prediction for
particles in the inertial range remains to be tested and
validated. Future simulations at higher resolutions are
being planned to obtain accurate measurements for the
collision statistics of inertial-range particles.
Resources supporting this work were provided by the
NASA High-End Computing (HEC) Program through
the NASA Advanced Supercomputing (NAS) Division
at Ames Research Center,and by the Port d’Informaci
Cientfica (PIC), Spain, maintained by a collaboration of
the Institut de Fsica d’Altes Energies (IFAE) and the
Centro de Investigaciones Energticas, Medioambientales
y Tecnolgicas (CIEMAT). LP is supported by a Clay Fel-
lowship at Harvard-Smithsonian Center for Astrophysics.
PP acknowledges support by the FP7-PEOPLE- 2010-
RG grant PIRG07-GA-2010-261359.
APPENDIX
A: THE FORMULATION OF PAN & PADOAN (2010)
We review the general PP10 formulation for particles of different sizes. It follows from eq. (9) that the particle
velocity structure tensor, Spij , has four terms,
〈
v
(1)
i v
(1)
j
〉
, −
〈
v
(1)
i v
(2)
j
〉
, −
〈
v
(2)
i v
(1)
j
〉
, and
〈
v
(2)
i v
(2)
j
〉
. Inserting the
formal solution, eq. (2), for v(1) and/or v(2) into each term yields a double integral. The terms
〈
v
(1)
i v
(1)
j
〉
and〈
v
(2)
i v
(2)
j
〉
correspond to the 1-particle velocity variances, which have been evaluated in §2 of Paper I. For particle (1),〈
v
(1)
i v
(1)
j
〉
at t = 0 can be calculated as,
〈
v
(1)
i v
(1)
j
〉
=
∫ 0
−∞
dτ
τp1
∫ 0
−∞
dτ ′
τp1
B
(1)
ij (τ, τ
′) exp
(
τ
τp1
)
exp
(
τ ′
τp1
)
, (A1)
where B
(1)
ij =
(
≡
〈
u
(1)
i (τ)u
(1)
j (τ
′)
〉)
is the trajectory correlation tensor of particle (1) (see §2). A similar equation
can be derived for
〈
v
(2)
i v
(2)
j
〉
, which depends on B
(2)
ij .
The cross terms,
〈
v
(1)
i v
(2)
j
〉
and
〈
v
(2)
i v
(1)
j
〉
, involve the memories of the flow velocities by both particles. For the
first cross term, we have,
〈
v
(1)
i v
(2)
j
〉
=
∫ 0
−∞
dτ
τp1
∫ 0
−∞
dτ ′
τp2
〈
u
(1)
i (τ)u
(2)
j (τ
′)
〉
exp
(
τ
τp1
)
exp
(
τ ′
τp2
)
, (A2)
where
〈
u
(1)
i (τ)u
(2)
j (τ
′)
〉
is the correlation of the flow velocities seen by particles (1) and (2) at τ and τ ′, respectively.
A similar integral equation exists for
〈
v
(2)
i v
(1)
j
〉
, which contains
〈
u
(1)
j (τ)u
(2)
i (τ
′)
〉
. The sum of
〈
u
(1)
i (τ)u
(2)
j (τ
′)
〉
and
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u
(1)
j (τ)u
(2)
i (τ
′)
〉
can be written as,〈
u
(1)
i (τ)u
(2)
j (τ
′)
〉
+
〈
u
(1)
j (τ)u
(2)
i (τ
′)
〉
= −STij(r, τ, τ ′) +B(1)ij (τ, τ ′) +B(2)ij (τ, τ ′)− Cij(r, τ, τ ′), (A3)
where STij(r, τ, τ
′) is named as the trajectory structure tensor. It is defined as,
STij(r, τ, τ
′) =
〈[
u
(1)
i (τ)− u(2)i (τ)
] [
u
(1)
j (τ
′)− u(2)j (τ ′)
]〉
, (A4)
which represents the correlation of the flow velocity differences seen by the two particles at two times. It depends on
the particle separation r at t = 0 through the constraint X(2)(0)−X(1)(0) = r.
The last term in eq. (A3) is defined as Cij(r, τ, τ
′) ≡
〈
u
(1)
j (τ
′)u(2)i (τ)
〉
−
〈
u
(1)
j (τ)u
(2)
i (τ
′)
〉
. Since Cij is anti-
symmetric under the exchange of τ and τ ′, it is easy to see that
∫
dτ
τp1
∫
dτ ′
τp2
Cij exp(
τ
τp1
) exp( τ
′
τp2
) is zero for equal-size
particles with τp1 = τp2. It can also been shown that Cij = 0 if both particles are small with St1,2 ≪ 1. On
the other hand, the term is not expected to exactly vanish for particles of arbitrarily different sizes. For example,
given the particle distance at τ ,
〈
u
(1)
j (τ
′)u(2)i (τ)
〉
depends on the trajectory of particle (1), or more precisely, the
flow velocity decorrelation along its trajectory from τ to τ ′, while
〈
u
(1)
j (τ)u
(2)
i (τ
′)
〉
is controlled by the trajectory of
particle (2). Therefore, a difference may exist between
〈
u
(1)
j (τ
′)u(2)i (τ)
〉
and
〈
u
(1)
j (τ)u
(2)
i (τ
′)
〉
due to the different
temporal statistics along the trajectories of the two particles. However, Paper I showed that the Lagrangian and
Eulerian temporal correlation functions in our simulated flow are close to each other, meaning that the decorrelation
of the flow velocity along a trajectory of a small particle in the St≪ 1 limit may be similar to that for a large particle
with τp ≫ TL. Based on this extreme case, one could assume that, qualitatively,
〈
u
(1)
j (τ
′)u(2)i (τ)
〉
≃
〈
u
(1)
j (τ)u
(2)
i (τ
′)
〉
for particles of any different sizes. We thus neglect Cij in our model, even though the quantitative accuracy of the
assumption is unclear. The Cij term was ignored in PP10, where it was found that, without Cij , the model prediction
is in good agreement with the simulation results of Zhou et al. (2001) for the bidisperse case.
Adding the four terms of Spij together, rearranging the integrals using eq. (A3), and neglecting Cij , the particle
structure tensor can be written as two terms,
Spij(r) = Aij + Sij , (A5)
where Aij and Sij , named the generalized acceleration and shear terms, respectively (PP10), reduce to the acceleration
and shear terms in the S-T limit, eq. (12), for St1,2 ≪ 1, respectively (see §3.1 and §3.2.1).
The generalized acceleration term is given by,
Aij =
∫ 0
−∞
dτ
τp1
∫ 0
−∞
dτ ′
τp1
B
(1)
ij (τ, τ
′) exp
(
τ
τp1
)
exp
(
τ ′
τp1
)
−
∫ 0
−∞
dτ
τp1
∫ 0
−∞
dτ ′
τp2
[
B
(1)
ij (τ, τ
′) +B(2)ij (τ, τ
′)
]
exp
(
τ
τp1
)
exp
(
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τp2
)
+
∫ 0
−∞
dτ
τp2
∫ 0
−∞
dτ ′
τp2
B
(2)
ij (τ, τ
′) exp
(
τ
τp2
)
exp
(
τ ′
τp2
)
. (A6)
Clearly, Aij vanishes if τp1 = τp2. Aij is independent of r, as it depends only on the flow velocity statistics (B(1)ij and
B
(2)
ij ) along individual trajectories of the two particles.
The generalized shear term reads,
Sij =
∫ 0
−∞
dτ
τp1
∫ 0
−∞
dτ ′
τp2
STij(r; τ, τ
′) exp
(
τ
τp1
)
exp
(
τ ′
τp2
)
, (A7)
which represents the contribution from the particles’ memory of the flow velocity difference they saw in the past. In
the limit τp1, τp2 → 0, the exponential cutoffs can be viewed as delta functions, and we thus have Sij → STij(r; 0, 0) =
Sij(r) with Sij(r) the flow structure tensor (PP10 and Paper I). Eq. (A7) thus reproduces the shear terms in the S-T
limit (eq. (12)).
B: MODELING THE GENERALIZED SHEAR TERM
We list the assumptions made to calculate eq. (23) for the generalized shear term, Sij . In an isotropic flow, the
Eulerian structure tensor Sij(R) in eq. (23) is written as Snn(R)δij + [Sll(R) − Snn(R)]RiRjR2 , with Sll and Snn the
longitudinal and transverse structure functions. To evaluate the angular average of Sij(R), we assume that the
direction of R is isotropic and random, resulting in 〈Sij(R)〉ang = 13 [Sll(R) + 2Snn(R)] δij (which is eq. (24) in the
20
text). This assumption suggests the shear contributions for the radial and tangential rms relative speeds are equal for
all particles. Under this assumption, the shear terms In the S-T limit (St1,2 ≪ 1) are given by ǫ¯9ν r2 for both 〈w2r 〉 and
〈w2t 〉. In PP10 and Paper I, another assumption was adopted for the angular average (see eq. (26) in paper I), which
exactly reproduces the shear terms for the radial and tangential variances in the S-T formula (eq. (12)) for St1,2 ≪ 1.
This second assumption is, however, in poorer agreement with our simulation data for particles with St ∼> 0.1. We
mainly consider eq. (24) for 〈Sij(R)〉ang in this paper.
In Paper I we considered both a single and a bi-exponential form for the temporal correlation function Φ2 in eq.
(23), i.e,
Φ2(∆τ, R) = exp
(
−−|∆τ |
T (R)
)
, (B1)
and,
Φ2(∆τ, R) =
1
2
√
1− 2z2

(1 +
√
1− 2z2) exp
[
− 2|∆τ |(
1 +
√
1− 2z2)T (R)
]
−
(
1−
√
1− 2z2) exp
[
− 2|∆τ |(
1−√1− 2z2)T (R)
]
, (B2)
where the correlation time T (R) corresponds to the eddy turnover time at the scale R.
The typical particle distance, R, between τ and τ ′ was approximated by
R(τ, τ ′) = [d(τ)d(τ ′)]1/2, (B3)
where d(τ) and d(τ ′) are the rms particle distances, at τ and τ ′. It was motived by the fact that STij is zero if
either d(τ) or d(τ ′) is zero (PP10). The backward separation of inertial particle pairs has not been explored until
recently (Bragg, Ireland, & Collins 2014). The simulation results of Bec et al. (2010) for the forward-in-time dispersion
of equal-size particles were used as a guide for the assumption for the backward separation (PP10). We adopted a
two-phase behavior. In the first phase, the particle pairs separate ballistically,
d2(τ) = r2 + 〈w2〉τ2, (B4)
where 〈w2〉 is the 3D relative velocity variance. The second phase follows the Richardson’s law,
d2(τ) ≃ gǫ¯|τ |3, (B5)
where g is the Richardson constant (Paper I). For equal-size particles, the transition between the two phases was
assumed to occur at a friction time or so, τ ≃ −τp, based on the results of Bec et al. (2010). We thus connect the
behaviors at a transition time, τc = −τp. A number of uncertainties in the assumed two-phase behavior were pointed
out and justified in Paper I for equal-size particles. In a recent study, Bragg et al. (2014) examined both forward and
backward-in-time separation behaviors of inertial particle pairs, and very briefly mentioned possible problem in our
assumption based on the forward separation behavior. Apparently, their claim of the potential accuracy problem in
our model prediction due to the adopted separation behavior is discussed in a forthcoming paper that has not yet been
published. We will consider/address their comments in future works. We will adopt the same two-phase behavior for
the bidisperse case. An additional uncertainty here is that it is not clear how long the ballistic phase lasts, as the two
friction times are different. Following PP10, we assume that the transition occurs at τc = −(τp1+ τp2)/2. This may be
questionable for particles of very different sizes. It, however, does not present a severe problem because, in that case,
it is the generalized acceleration term that gives the dominant contribution to the relative velocity (see §6.1). For the
Richardson constant, g, we will adopt the values used in Paper I that best fit the data for identical particles.
To calculate the generalized shear term, we also need the flow structure functions, Sll and Snn, as functions of the
length scale, ℓ (see eq. 27 in §3.3). Following Paper I, we adopt the following connecting formulas,
Sll(ℓ) = 2u
′2
[
1− exp
(
− (ℓ/η)
(15CK)3/4
)]4/3 [
(ℓ/η)4
(ℓ/η)4 + (2u′2/CKu2η)
6
]1/6
, (B6)
Snn(ℓ) = 2u
′2
[
1− exp
(
− (ℓ/η)
4/3
(15CKn/2)
)][
(ℓ/η)4
(ℓ/η)4 + (2u′2/CKnu2η)
6
]1/6
. (B7)
With CK = 2 and CKn = 2.5, the two formulas fit well the measured structure functions in our simulated flow. The
correlation timescale, T , in eqs. (B1) and (B2) for Φ2 is also obtained by a connecting formula (Zaichik et al. 2006),
T (ℓ) = TL
[
1− exp
(
−
(
CT√
5
)3/2
(ℓ/η)
)]−2/3 [
(ℓ/η)4
(ℓ/η)4 + (TL/(CTτη))6
]1/6
, (B8)
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Fig. 11.— Lagrangian (squares) and Eulerian (circles) temporal structure functions. The left and right Y-axises normalize these functions
to 2u′2 and u2η , respectively. The solid line corresponds to 1 − ΦL(∆τ) using a bi-exponential ΦL (eq. (7)) with z = 0.3 and TL = 15τη .
The dashed and dotted line segments denote a linear and a (∆τ)2/3 scaling, respectively, for ∆τ in the inertial range.
with the parameter CT set to 0.4 (Paper I).
C: LAGRANGIAN AND EULERIAN TEMPORAL STRUCTURE FUNCTIONS
As discussed in §2 and §3, the particle-flow relative velocity and the generalized acceleration term in the bidisperse
case depend on the temporal flow velocity difference, ∆Tu(∆τ), along particle trajectories. As small particles more or
less follow Lagrangian tracers, it is helpful to examine the flow velocity difference ∆uL(∆τ) ≡ u(XL(t+∆τ), t+∆τ)−
u(XL(t), t) as a function of the time lag, ∆τ , along Lagrangian trajectories XL(t). We also consider the Eulerian
temporal velocity difference ∆uE(∆τ) ≡ u(x, t + ∆τ) − u(x, t) at fixed points, x, as the flow velocity seen by large
particles with τp ∼> TL may be better described as Eulerian (Paper I).
We define Lagrangian/Eulerian structure tensors as DL,Eij(∆τ) ≡ 〈∆uL,Ei(∆τ)∆uL,Ej(∆τ)〉, and by isotropy
DL,Eij(∆τ) = DL,E(∆τ)δij . By definition, DL,E = 2u
′2(1 − ΦL,E), where ΦL,E are the temporal correlation func-
tions of Lagrangian and Eulerian velocities (see Paper I). Fig. 11 shows DL (squares) and DE (circles) as a function of
∆τ . The figure is equivalent to Figure 2 in Paper I for ΦL,E. The solid line plots (1 − ΦL) using a bi-exponential ΦL
(eq. (7)) with z = 0.3 and TL = 15τη, consistent with the values obtained in Figure 2 of Paper I. Except at the smallest
∆τ , the line provides a good fit to the data. The measured values of z and TL indicate a Taylor micro timescale of
4.3τη and a 1-D rms acceleration, a, of 2.2τ
−1
η .
The dashed and dotted line segments denote a linear and a (∆τ)2/3 scaling. In the inertial range, DL(∆τ) is
expected to be ≃ ǫ¯∆τ from the Lagrangian version of Kolmogorov’s similarity theory (Monin & Yaglom 1975), while
the (∆τ)2/3 scaling for DE(∆τ) follows from the random Taylor hypothesis that connects the Eulerian temporal and
spatial structure functions (Tennekes 1975). The inertial range of our flow is short especially for the Lagrangian
structure function. A linear scaling is barely seen in DL. At ∆τ below the Taylor micro timescale τT ≃ 4.3τη, DL is
expected to be a2(∆τ)2, but we see the slope of the square data points at the smallest ∆τ (≃ 0.1τη) in the figure is
slightly shallower than (∆τ)2. An exact (∆τ)2 scaling may appear when one extends the measurement to ∆τ below
0.1τη. We note that DL merges with DE at ∆τ ≃ 8τη, suggesting that we can use DL in our model for particles with
τp ∼> TL ≃ 15τη, even though trajectories of these large particles would significantly deviate from tracer particles. In
other words, this provides a justification for approximating ∆Tu by ∆Lu for all particles.
D: APPROACHING AND SEPARATING PARTICLE PAIRS
As in Paper I, we split particle pairs at given distances into two groups with negative (wr < 0) and positive (wr > 0)
radial relative speed, corresponding to particle pairs approaching and separating from each other, respectively. We
named them as minus and plus groups. Although only the minus group is relevant for collisions, it is of theoretical
interest to compare the two groups. Fig. 12 plots the radial rms relative speeds for particle pairs in the minus (〈w2r 〉1/2− ;
filled symbols) and plus (〈w2r 〉1/2+ ; open symbols) groups at a distance of r = 1η.
In Paper I, we showed that, for identical particles with St ∼< 6.2, the rms relative speed in the minus group is larger
than in the plus group. For St≪ 1 particles, one expects the relative speed to inherit such an asymmetry from the flow
(see Appendix B of Paper I). As St increases, the asymmetry is first amplified and then decreases at St ∼> 0.4 (see the
f = 1 data in the right panel). The amplification is due to the fact that approaching pairs come from a larger distance
in the near past than separating ones. This tends to make the relative speed in the minus group larger because the
relative velocity of identical particles is determined by their memory of the flow velocity difference in the past, which
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Fig. 12.— Radial rms relative speeds for approaching (filled symbols) and separating (open symbols) pairs at r = 1η. Solid lines are
the overall radial rms accounting for all pairs in both groups. Left and right panels show results at fixed St1 and fixed Stokes ratios.
respectively. For clarity, the data for f = 1
2
and 1
4
in the right panel are shifted upward by a factor of 3 and 9, respectively.
is larger at larger particle separation. For larger particles with St ∼> 0.4, separating pairs would move past each other
within a friction time in the past, and their separation then starts to increase backward in time. Consequently, the
difference in the particle distance at a friction time ago for minus and plus pairs decreases, causing the asymmetry to
decrease. It finally disappears for St ∼> 6.2, as the amplitude of the particle separation at a friction time ago becomes
insensitive to r or the condition in the near past (Paper I).
The left panel of Fig. 12 shows that, for each St1, the difference between the two groups is largest for identical
particles, and decreases as St2 moves away from the dip center. This is because the contribution of the generalized
acceleration term does not depend on whether the particles are approaching or separating. The acceleration term is
determined by the flow velocity statistics along the individual trajectories of the two particles (see §3.2.1 and Fig. 1),
and thus independent of their relative motions. Therefore, the asymmetry of the plus and minus groups decreases when
the acceleration contribution increases. This is also seen in the right panel where the asymmetry is weaker at smaller
f . If one Stokes number is larger than 6.21, the asymmetry disappears for any bidisperse case. As mentioned in Paper
I, the asymmetry in 〈w2r 〉1/2− and 〈w2r 〉1/2+ is related to the spatial clustering of the particles. A smaller difference in
〈w2r 〉1/2− and 〈w2r 〉1/2+ for particles of different sizes suggests a weaker clustering in the bidisperse case (Pan et al. 2011).
The asymmetry tends to decrease with decreasing r, and the decrease is faster for the bidisperse case than the
monodisperse case. The asymmetry would disappear at sufficiently small r once the acceleration term dominates. We
also examined the tangential (〈w2t 〉1/2∓ ) and the 3D (〈w2〉1/2∓ ) rms relative speeds in the minus and plus groups, and
found a similar asymmetry as in the case of the radial component. Paper I showed that the radial and tangential
rms relative speeds of approaching pairs are about equal (i.e., 〈w2r 〉1/2− ≃ 〈w2t 〉1/2− ) for all particles in our simulation.
The same is true for the bidisperse case, as the acceleration term has the effect of equalizing the radial and tangential
components.
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